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Normally, low-frequency sound reproduction with small transducers is quite inefficient.
This is shown by calculating the efficiency and voltage sensitivity for loudspeakers with high,
medium, and, in particular, low force factors. For these low-force-factor loudspeakers a
practically relevant and analytically tractable optimality criterion, involving the loudspeaker
parameters, will be defined. Actual prototype bass drivers are assessed according to this
criterion. Because the magnet can be considerably smaller than usual, the loudspeaker can be
of the moving-magnet type with a stationary coil. These so-called low-Bl drivers have a high
efficiency, however, only in a limited frequency region. To deal with that, nonlinear pro-
cessing essentially compresses the bandwidth of a 20–120-Hz bass signal down to a much
more narrow span. This span is centered at the resonance of the low-Bl driver, where its
efficiency is maximum. The signal processing preserves the temporal envelope modulations
of the original bass signal. The compression is at the expense of a decreased sound quality
and requires some additional electronics. This new, optimal design has a much higher power
efficiency as well as a higher voltage sensitivity than current bass drivers, while the cabinet
may be much smaller.

0 INTRODUCTION

The introduction of concepts such as ambient intelli-
gence [1], [2], flat TV, and 5.1-channel sound reproduc-
tion systems has led to a renewed interest in obtaining a
high sound output from compact loudspeaker arrange-
ments with a high efficiency. Compact relates here to both
the volume of the cabinet into which the loudspeaker is
mounted and the cone area of the loudspeaker. We will
investigate the behavior of transducers for various param-
eters. It will be shown later that the force factor (Bl) of a
loudspeaker plays an important role.

To have some qualitative impression, various curves of
a medium-Bl driver are shown in Fig. 1. We clearly see
that there is a band-pass behavior of the acoustical power
Pa (fifth curve), and a high-pass response for the on-axis
pressure p (third curve), as is typical for medium-Bl driv-
ers. In the following we will derive more precise and
quantitative relations for the power and pressure response.
First we will discuss the efficiency of electrodynamic
loudspeakers in general, which will be used later in dis-
cussions on special drivers with a high Bl value in Section
3 and a very low Bl value in Section 4. This low-Bl driver
can be made very cost-efficient, low-weight, flat, and with
high power efficiency. Because Bl influences the transient

response of normal drivers, and these special low-Bl driv-
ers in particular, a transient response analysis is presented
in Section 5. But first we show in Section 1 that sound
reproduction at low frequencies with small transducers,
and at a reasonable efficiency, is very difficult. The reason
for this is that the efficiency is inversely proportional to
the moving mass and proportional to the square of the
product of cone area and force factor Bl. All equations
presented in this paper are available as MATLAB1

scripts.2

1 EFFICIENCY CALCULATIONS

1.1 Lumped-Element Model
For low frequencies a loudspeaker can be modeled with

the aid of some simple elements, allowing the formulation
of approximate analytical expressions for the loudspeaker
sound radiation. Since we are interested in the power ef-
ficiency and voltage sensitivity in particular, we will de-
rive these expressions using this model. The forthcoming
loudspeaker model will not be derived here in detail since
this has been done elsewhere (see for example, [3]–[11]).
The importance of efficiency is discussed widely in the
literature in the papers mentioned, but especially in Keele
[12], [13] and in particular for efficiency at the resonance

*Manuscript received 2005 April 1; revised 2005 June 15 and
June 28.

1MATLAB is a trade name of The MathWorks, Inc.
2http://www.dse.nl/∼rmaarts/.
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frequency in Aarts [14]–[16] and in Zuccatti [17], [18].
We first reiterate briefly the theory for the sealed loud-
speaker. In what follows, we use a driver model with a
simple acoustic air load. The driver is characterized by a
cone or piston with radius a and of area

S � �a2 (1)

and various other parameters, which will be introduced
successively and are summarized in Table 1. The radian
resonance frequency �0 is given by

�0 =� kt

mt
(2)

where mt is the total moving mass including the air load
and kt is the total spring constant of the system, including
the loudspeaker and possibly its enclosing cabinet of vol-
ume V0. This cabinet exerts a restoring force on the piston
with the equivalent spring constant

kB =
�P0S

2

V0
=

�c2S2

V0
(3)

where � is the ratio of the specific heats (1.4 for air), P0 the
atmospheric pressure, � the density, and c the speed of
sound of the medium.

The relation between the driving voltage e(t), the cur-
rent ic(t), and the piston displacement x(t) is given by

e�t� = Reic�t� + Bl
dx�t�

dt
+ Le

dic�t�

dt
(4)

where Re is the voice-coil resistance, Bl the force factor,
and Le the self-inductance of the voice coil. This force
factors is equal to the product of the flux density B in the
air gap and the effective length l of the voice-coil wire. We
will see later that (Bl)2/Re appears in many formulas; it has

the dimension of mechanical ohms [kg/s]. The term Bl is
called force factor because the electromagnetic Lorentz
force F acting on the voice coil is given by F � Blic. The
term including dx/dt is the voltage induced by the driver
piston velocity of motion. Using the Laplace transform,
Eq. (4) can be written as

E(s) � ReIc(s) + BlsX(s) + LesIc(s) (5)

where capital letters are used for the corresponding
Laplace transformed variables, and s is the Laplace vari-
able, which can be replaced by i� for stationary harmonic
signals. The relation between the mechanical forces and
the electrical driving force is given by

mt

d2x

dt2 + Rm

dx

dt
+ ktx = Blic (6)

Fig. 1. Displacement X, velocity V, acceleration Ac � sV together with on-axis SPL, real part of radiation impedance Rr � �{Zrad},
and acoustical power Pa of a rigid-plane piston in an infinite baffle, driven by a constant force (from [3]). Numbers denote slopes of
curves. Multiplied by 6 these yield slope in dB/octave. �t is transition frequency defined by Eq. (20).

Table 1. System parameters of model presented in Fig. 2.

B Flux density in air gap
Bl Force factor
E Voice-coil voltage
F Lorentz force acting on voice coil
i � √−1
Ic Voice-coil current
kt Total spring constant, �kd (driver alone) + kB (box)
l Effective length of voice-coil wire
Le Self-inductance of voice coil
mt Total moving mass, including air-load mass
Re Electrical resistance of voice coil
Rm Mechanical damping
Rd Electrodynamic damping, �(Bl)2/Re

Rt Total damping, � Rr + Rm + Rd

U Voltage induced in voice coil
V Velocity of the voice coil
Zrad Mechanical radiation impedance, �Rr + iXr
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where on the left-hand side we have the mechanical forces,
which are the inertial reaction of the cone with total mov-
ing mass mt, the mechanical resistance Rm, and the total
spring force with total spring constant kt; on the right-hand
side we have the external electromagnetic Lorentz force
F � Blic. For the moment we assume that the radiation
resistance Rr (which is very small) is included in Rm;
where appropriate we will mention it explicitly. Combin-
ing Eq. (5) and the Laplace transform of Eq. (6) we get

X�s��s2mt + s�Rm +
�Bl�2

Les + Re
� + kt� =

BlE�s�

Les + Re
. (7)

We see that besides the mechanical damping Rm we also
get an electrodynamic damping term (Bl)2/(Les + Re), and
this term plays an important role. If we ignore the self-
inductance of the loudspeaker and the effect of eddy cur-
rents, we can write Eq. (7) as the transfer function Hx(s)
between voltage E(s) and displacement X(s),

Hx�s� =
X�s�

E�s�
=

Bl�Re

s2mt + s�Rm + �Bl�2�Re� + kt

. (8)

We assume an infinite baffle to mount the piston, and in
the compact-source regime (a/r << �/a, where � is the
wavelength) the far-field acoustic pressure p(t) at a dis-
tance r becomes

p�t� =
�S�d2x�dt2�

2�r
(9)

showing that p(t) is proportional to the volume accelera-
tion of the source [19], [20]. In the Laplace domain we
have

P�s� =
s2 �SX�s�

2�r
. (10)

Using Eq. (10) and neglecting the self-inductance Le we
can write Eq. (7) as the transfer function from voltage to
pressure,

Hp�s� =
P�s�

E�s�
=

s2 �S��2�r�Bl�Re

s2mt + s�Rm + �Bl�2�Re� + kt

. (11)

With the aid of Eqs. (5) and (8) and the properties of the
gyrator, as shown in Fig. 2, the electrical impedance Zin

(�) of the loudspeaker can be calculated,

Zin��� = Re + i�Le +
�Bl�2

�Rm + Rr� + i�mt + kt��i��
. (12)

Using the following relations of dimensionless quality fac-
tors Q, dimensionless frequency detuning �, and time con-
stant �e,

Qm =
�ktmt

Rm
, Qe =

Re�ktmt

�Bl�2 , Qr =
�ktmt

Rr

Qmr =
QmQr

Qm + Qr
, � =

�

�0
−

�0

�
, �e =

Le

Re

(13)

we can write Zin as

Zin��� = Re�1 + i��e +
Qmr�Qe

1 + iQmr�
�. (14)

If we neglect Le, we get at the resonance frequency (� �
�0 or � � 0) the maximum input impedance

Zin��0� = Re�1 +
Qmr

Qe
� ≈ Re +

�Bl�2

Rm
. (15)

From this we see that Bl plays an important role in the
electrical impedance, which is most pronounced at the
resonance frequency.

1.2 Efficiency and Voltage Sensitivity
In order to calculate the power efficiency of a loud-

speaker we need to calculate the electric power delivered
to the driver as well as the acoustical power delivered
by the loudspeaker. The latter depends on the radiation
impedance of the driver. We now calculate these three
functions.

The time-averaged electric power Pe delivered to the
driver can be written as

Pe = 0.5 |Ic|
2��Zin� = 0.5 |Ic|

2Re�1 +
Qmr�Qe

1+ Qmr
2 �2� (16)

where �{Zin} is the real (resistive) part of the input im-
pedance Zin. The radiation impedance Zrad of a plane cir-
cular rigid piston with radius a in an infinite baffle can be
derived as [19, p. 384]

Zrad = �a2 �c�1 −
2J1�2ka�

2ka
+

i2H1 �2ka�

2ka � (17)

Fig. 2. Lumped-element model of impedance-type analogy of an electrodynamic loudspeaker. Coupling between electrical and
mechanical parts is represented by a gyrator. For system parameters see Table 1.
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where H1 is a Struve function, J1 is a Bessel function [21,
§12.1.7 and §9], and k is the wavenumber �/c. An accurate
full-range approximation of H1 is given in [22] as

H1�z� ≈
2

�
− J0�z� + �16

�
− 5� sin z

z
+ �12 −

36

� � 1 − cos z

z2 .

(18)

The real and imaginary parts of Zrad are plotted in Fig. 3.
Zrad can be approximated as [5], [22]

Zrad ≈ ��a2 �c��ka�2

2
+

i8ka

3�
�, � �� �t

�a2 �c�1 +
i2

�ka�, � 		 �t

(19)

where

�t =
1.4c

a
(20)

is the transition frequency (−3-dB point). For low frequen-
cies (� 
 �t) we can either neglect the damping influence
of Zrad or (assuming c � 343 m/s and � � 1.21 kg/m3) use
as a rule of thumb

Rr � �{Zrad} ≈ (0.15Sf)2. (21)

This follows immediately from Eq. (19) and has an error
of less than 2%. We see that Rr is indeed rising with
frequency with slope 2, as qualitatively depicted in Fig. 1,
and is proportional to the fourth power of the radius a. The
real part of Zrad is plotted more accurately in Fig. 3.

The time-averaged acoustically radiated power can then
be calculated as

Pa � 0.5|V|2�{Zrad} (22)

which, using Eqs. (8), (13), and V � sX, can be written as

Pa =
0.5�Bl��Rm + Rr��

2Ic
2Rr

1 + Qmr
2 �2 . (23)

The qualitative behavior of this function is depicted in Fig. 1.
To investigate the exact behavior of the sound pressure,

rather than its qualitative behavior (third curve in Fig. 1),

we will derive the necessary equations for the pressure—
first in general, then for low frequencies. The acoustic
pressure due to the piston in the far field at distance r and
azimuth angle �, assuming an axis of symmetry at � � 0
rad, is

p�r, t� = i
��V�a2

2�r �J1�ka sin ��

ka sin � �ei��t−r�c� (24)

where V is the velocity of the piston [5], [20]. The velocity
profile V is depicted in Fig. 1, which we use to calculate
the magnitude of the on-axis response (� � 0). This is also
depicted in Fig. 1, which shows a “flat” SPL for � � �0.
However, due to the term in square brackets in Eq. (24),
the off-axis pressure response (�  0) decreases with in-
creasing ka. This yields an upper frequency limit for the
acoustical power, together with the mechanical lower fre-
quency limit �0, which is the reason why a practical loud-
speaker system needs more than one driver (a multiway
system) to handle the whole audible frequency range.

Assuming that there is no directivity (|ka sin �| 
 1),
leaving out the phase term in Eq. (24), and using the
relations between velocity, current, and voltage as before,
we get the pressure (voltage) sensitivity Hp(�),

Hp��� =
P���

E���
=

�i��2

�i��2mt + i� Rt + kt

�a2 Bl

2r Re
(25)

or

Hp��� =
�i���0�

2

�i���0�
2 + �i���0�Qt

−1 + 1
� �a2 Bl

2mtr Re
� (26)

with the total quality factor Qt � mt�0/Rt. Eq. (26) clearly
shows the frequency-dependent high-pass behavior in its
first factor and a frequency-independent sensitivity in the
second factor. The latter shows that in order to have a high
sensitivity, a2Bl must be high and 2mtRe must be low,
which means a big and expensive loudspeaker (because of
the magnet). A much more attractive situation occurs at
resonance (� � �0). Then Eq. (26) becomes

P��0�

E��0�
=

i�a2 BlQt

2mtrRe
. (27)

Fig. 3. Real (- - -) and imaginary (——) parts of normalized radiation impedance of rigid disk having radius a in an infinite baffle, using
Eqs. (17), (18), and k � �/c.
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In Section 4.1 we will elaborate on this, and we will show
that at the resonance frequency it is beneficial to have a
low Bl value.

Using Eqs. (16) and (23) the power efficiency can now
be calculated as

���� =
Pa

Pe
= �QeQr��2

+1

Qmr
2 � +

Qr

Qmr
�−1

. (28)

In the following section the influence on efficiency is
discussed for various Bl values while the other parameters
remain the same.

A convenient way to relate the sound pressure level
(SPL) to the power activity � is the following. For a plane
wave we have the relation between sound intensity I and
sound pressure p,

I =
p2

�c
(29)

and the acoustical power is equal to

Pa = 2�r2I =
2�r2p2

�c
. (30)

Using these relations we get for the SPL

SPL = 20 log��Pa�c

2�r2	p0� (31)

where we assume radiation into one hemifield (solid angle
of 2�), that is, we only account for the pressure at one side
of the cone, which is mounted in an infinite baffle. For
r � 1 m, �c � 415 kg/(m2 � s), Pa � 1 W, and p0 � 20
× 10−6 Pa, we get

SPL � 112.18 + 10 log �. (32)

If � � 1 (in this case Pa � Pe � 1 W), we get the
maximum attainable SPL of 112.18 dB. Eq. (32) can also
be used to calculate � if the SPL for Pe � 1 W is known,
such as by measurement.

2 SPECIAL DRIVERS FOR LOW FREQUENCIES

In this section two options are described whereby modi-
fying a conventional loudspeaker driver can lead to en-
hanced bass perception. This is achieved by modifying the
force factor of the driver, typically by using either a very
strong or a very weak magnet compared to what is com-
monly used in typical drivers. Both these approaches also
require some preprocessing of the signal before it is ap-
plied to the modified loudspeaker. In Section 2.1 the in-
fluence of the force factor on the performance of the
loudspeaker is reviewed. Then Sections 3 and 4 discuss
high-force-factor and low-force-factor drivers, respec-
tively, and their required signal processing. Section 5
presents an analysis of the transient responses of normal
drivers and these special ones.

2.1 Force Factor
Direct-radiator loudspeakers typically have a very low

efficiency because the acoustic load on the diaphragm or

cone is relatively low compared to the mechanical load. In
addition, the driving mechanism of a voice coil is quite
inefficient in converting electric energy into mechanical
motion. The force factor Bl is deliberately kept at an in-
termediate level so that the typical response is flat
enough—like the third curve in Fig. 1—to use the device
without significant equalization. It was already shown in
Section 1 that the force factor Bl plays an important role
in loudspeaker design. It determines among other fea-
tures the frequency response and its related transient re-
sponse, the electrical input impedance, the cost, and the
weight of the loudspeaker. We will discuss several of these
consequences.

To show the influence on the frequency response, the
SPL of a driver with three Bl values (low, medium, and
high) is plotted in Fig. 4. All other parameters are being
kept constant and are listed in Table 2.3 It appears that the
curves change drastically for varying Bl. The most promi-
nent difference is the shape, but also the difference in level
at high frequencies is apparent. While the low-Bl driver
has the highest response at the resonance frequency, it has
a poor response beyond resonance, which requires special
treatment, as will be discussed in Section 4.1. The high-Bl
driver has a good response at higher frequencies, but a
poor response at lower frequencies. which requires special
equalization, as will be discussed in Section 3.1. In be-
tween we have the well-known curve for a medium-Bl
driver.

To show the influence of Bl on the electrical input im-
pedance, its magnitude is plotted in Fig. 5 for a driver with
three Bl values (low, medium, and high), all other param-
eters being kept the same. It appears that these curves also
change drastically for varying Bl. This is also true for the
phase of the electrical input impedance, which is plotted in
Fig. 6.

The underlying reason for the importance of Bl is that
besides determining the driving force, it also gives (elec-
trodynamic) damping to the system. The total damping is
equal to the sum of the (real part of the) radiation imped-
ance, the mechanical damping, and the electrodynamic
damping (Bl)2/Re, where the electrodynamic damping
dominates for medium- and high-Bl loudspeakers, and is
most prominent around the resonance frequency. The
power efficiency given in Eq. (28) can be written as

� =
�Bl�2Rr

Re��Rm + Rr�
2 + �Rm + Rr��Bl�2�Re + �mt�0��2�

. (33)

3Table 2 lists the lumped parameters for various low-
frequency loudspeakers (woofers) with diameters of 4, 7, 8, and
12 in (0.1, 0.18, 0.2, and 0.3 m), some having a low or a high Qe.
Two special drivers are also listed—an (optimal) low-Bl (MM3c)
and a high-Bl driver (HB1). The former is an experimental driver
(see Fig. 8 for its compact magnet system). The efficiency of the
drivers listed in the table is in the range of 0.2–10%. As a rule of
thumb, we see that for these drivers kd ≈ 1 N/mm, mt [g] � cmS
(cm ≈ 0.1 g/cm2), and Rm ≈ 1 Ns/m, while the other parameters
may differ significantly between the various drivers. See Table 1
for the abbreviations and the meaning of the variables.
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If (mt�0�)2 >> (Rm + Rr)
2 + (Rm + Rr)(Bl)2/Re, and Rr is

approximated by Eq. (19), then Eq. (33) can be written as

���0 �� � �� �t� ≈
�Bl�2S2�

2�cRemt
2. (34)

This is a well-known result in the literature and clearly
shows the influence of Bl. However, it is valid in a limited
frequency range only. Using Eq. (33) the power efficiency
� is plotted in Fig. 7, which clearly shows the dependence
on frequency. Three Bl values (low, medium, and high) are
used, while all other parameters are being kept the same.
It appears that the curves change drastically for varying Bl,
but only very modestly around the resonance frequency.
This can be elucidated further by using Eq. (33) at the
resonance frequency and assuming that Rm + Rr 
 (Bl)2/
Re. We then get

��� = �0� ≈
Rr

Rm + Rr
. (35)

Eq. (35) shows the value of the power efficiency at the
resonance frequency for sufficiently large values of Bl,

and indeed the three curves of Fig. 7 are almost coincident,
even for the low-Bl curve.

The importance of Bl is further elucidated in the fol-
lowing section as well as in Section 5, where the transient
response is calculated. The latter appears to be dependent
on Bl as well.

3 HIGH-FORCE-FACTOR DRIVERS

A part of this section is excerpted directly from [23],
which includes a more detailed analysis of high-Bl drivers.
In the 1990s a new rare-earth-based material, neodymium–
iron–boron (NdFeB), in sintered form, came into more
common use. It has a very high flux density coupled with
a high coercive force, possessing a BH product increased
by almost an order of magnitude compared to more com-
mon materials. This allows drivers to be built in practice
with much larger total magnetic flux, thereby increasing Bl
by a large factor. In [23] some features of normal sealed-
box loudspeakers with greatly increased Bl were outlined.
While that paper focused mainly on the efficiency of the
system as applied to several amplifier types, several other

Fig. 4. Sound pressure level (SPL) for driver MM3c with three Bl values: low Bl � 1.2 (——), medium Bl � 5 (- � - � -), and high
Bl � 22 N/A (- - -). All other parameters are kept as given in Table 2; all with 1 W input power. At resonance frequency, the highest
SPL is obtained by the low-Bl driver, the high-Bl driver having a poor response.

Table 2. Lumped parameters for various low-frequency loudspeakers.3

Type
Re

(�)
Bl

(T � m)
kd

(N/m)
mt

(g)
Rm

(N � s/m)
S

(cm2)
f0

(Hz) Qm Qe

AD44510 6.6 3.5 839 4 0.86 54 72 2.2 1.02

AD70801 6.9 2.9 1075 6.3 0.81 123 66 3.2 2.13
AD80110 6.0 9.0 971 16.5 1.38 200 39 2.9 0.29
AD80605 6.8 5.1 1205 13.4 0.84 200 48 4.8 1.05

AD12250 6.6 13.0 1429 54.0 2.93 490 26 3.0 0.34
AD12600 6.9 6.0 1205 33.0 0.76 490 31 8.2 1.21

MM3c 6.4 1.2 1022 14.0 0.22 86 43 17.2 16.8
HBl 7.5 22.0 3716 56.0 0.91 490 41 16.0 0.22
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avenues of interest were also indicated. Fig. 4 shows the
frequency response curves [using Eqs. (10) and (11)] for
the three Bl values of 1.2. 5.0, and 22 N/A. At the higher
Bl value the electromagnetic damping is very high. If we
ignore in this case the small mechanical and acoustic
damping of the driver, the damping term is proportional to
(Bl)2/Re. For a Butterworth response the inertial term
�2mt, the damping term �(Bl)2/Re, and the total spring
constant kt are all about the same at the bass cutoff fre-
quency. When Bl is increased by a factor of 5, the damping
is increased by a factor of 25. Thus the inertial factor,

which dominates at high frequencies. becomes equal to the
damping at a frequency about 25 times higher than the
original cutoff frequency. This causes the flat response of
the system to have a 6-dB per octave rolloff below that
frequency, as shown in Fig. 4.

At very low frequencies the spring restoring force be-
comes important relative to the damping force at a fre-
quency 25 times lower than the original cutoff frequen-
cy. Below this the rolloff is 12 dB per octave. Such fre-
quencies are too low to influence audio performance, but
it is clear that the system stiffness (driver and cabinet) is

Fig. 5. Magnitude of electrical input impedance for driver MM3c with three Bl values: low Bl � 1.2 (——), medium Bl � 5 (- � - � -),
and high Bl � 22 N/A (- - -). All other parameters are kept as given in Table 2.

Fig. 6. Phase of electrical input impedance for driver MM3c with three Bl values: low Bl � 1.2 (——), medium Bl � 5 (- � - � -), and
high Bl � 22 N/A (- - -). All other parameters are kept as given in Table 2.
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now no longer constraining the low-frequency perfor-
mance. We could use a much smaller box without serious
consequences.

How much smaller can the box be? The low-frequency
cutoff has been moved down by a factor of nearly 25. The
driver suspension stiffness kd is small, and because the
cabinet suspension stiffness kB is proportional to 1/V0, the
cutoff frequency will return to the initial bass cutoff fre-
quency when the box size is reduced by a factor of about
25: a 25-l box could be reduced to 1 l. Powerful electro-
dynamic damping has allowed the box to be reduced in
volume without sacrificing the response at audio fre-
quencies. The only penalty is that we must apply some
equalization.

The equalization needed to restore the response to the
original value can be deduced from Fig. 4, because the
required equalization is the difference between the Bl � 5
(dash–dot) and Bl � 22 N/A (dashed) curves. Such equal-
ization will, in virtually all cases, increase the voltage
applied to the loudspeaker, because the audio energy re-
sides principally at lower frequencies.

The power efficiency for very large Bl can be calculated
[using Eq. (33)] as

lim
Bl→�

� =
Rr

Rm + Rr
. (36)

This clearly shows that the efficiency increases for de-
creased mechanical damping Rm.

3.1 An Observation about Equalization
The required equalization can be calculated by the fre-

quency response ratio Hp,L(�)/Hp,H(�) using Eq. (11),
where the subscripts H and L refer to the high and low
values of Bl. The required equalization function for two

loudspeakers with different Bl values, but identical in all
other respects, can also be calculated using a different
approach. There holds

HEQ��� =
�Bl�L�Zin,L���

�Bl�H�Zin,H���
(37)

where the subscripts H and L at the electrical input im-
pedance Zin refer to the high and low values of Bl used.
Note that it applies to the response at any orientation, not
just on axis, and represents a general property of acoustic
transducers with magnetic drivers, including that of low-Bl
drivers to be discussed in the next section.

4 LOW-FORCE-FACTOR DRIVERS

As explained before, normally low-frequency sound re-
production with small transducers is quite inefficient. To
increase the efficiency two measures are taken. First, non-
linear processing essentially compresses the bandwidth of
a 20–120-Hz bass signal down to a much narrower span.
This span is centered at the resonance of the low-Bl driver,
where its efficiency is maximum. Second, a special trans-
ducer is used with a low Bl value, attaining a very high
efficiency at that particular frequency. Therefore these
drivers are only useful for subwoofers. In the following an
optimum force factor is derived to obtain such a result.

4.1 Optimum Force Factor
Our proposed solution to obtain a high sound output

from a compact loudspeaker arrangement, with a good
efficiency, consists of two steps. First, the requirement that
the frequency response be flat is relaxed. By making the
magnet considerably smaller and lighter (see Fig. 8 at
right) a large peak in the SPL curve (solid curve in Fig. 4)

Fig. 7. Power efficiency � for driver MM3c with three Bl values: low Bl � 1.2 (——), medium Bl � 5 (- � - � -), and high Bl � 22
N/A (- - -). All other parameters are kept as given in Table 2. Note that efficiency is strongly dependent on Bl at all frequencies except
at resonance, where it is affected only modestly by Bl.
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will appear. Because the magnet can be considerably
smaller than usual, the loudspeaker can be of the moving-
magnet type with a stationary coil (see Fig. 8) instead of
vice versa. At the resonance frequency the voltage sensi-
tivity can be a factor of 10 higher than that of a normal
loudspeaker. In this case we have, at the resonance fre-
quency of about 40 Hz, an SPL of almost 90 dB at 1 W
input power and 1 m distance, even when using a small
cabinet. An example is shown in Fig. 9. Because it is
operating in resonance mode only, the moving mass can be
enlarged (which might be necessary owing to the small
cabinet) without degrading the efficiency of the system.

Due to the large and narrow peak in the frequency re-
sponse, the normal operating range of the driver decreases
considerably. This makes the driver unsuitable for normal
use. To overcome this, a second measure is applied. The
nonlinear processing essentially compresses the band-
width of a 20–120-Hz 2.5-octave bass signal down to a
much narrower span. This span is centered at the reso-
nance of the low-Bl driver, where its efficiency is maxi-

mum [15], [16]. This can be done with a setup such as
depicted in Fig. 10.

The modulation is chosen such that the coarse structure
(the envelope) of the music signal after compression, or
“mapping,” is the same as before the mapping. An ex-
ample is shown in Fig. 11. Fig. 11(a) shows the waveform
of a rock-music excerpt; the thin curve depicts its enve-
lope. Fig. 11(b) and (c) presents the spectrograms of the
input and output signals, respectively, clearly showing that
the frequency bandwidth of the signal around 60 Hz de-
creases after the mapping, yet the temporal modulations
remain the same.

Using Eqs. (8) and (10), the voltage sensitivity at the
resonance frequency can be written as

Hp��0� =
P��0�

E��0�
=

i�0SBl�

2�rRe�Rm + �Bl�2�Re�
. (38)

If Eq. (38) is maximized by adjusting the force factor Bl by
differentiating H(� � �0) with respect to Bl and setting

Fig. 8. Prototype driver (MM3c) with a 10 Euro cent coin. At the position where a normal loudspeaker has its heavy and expensive
magnet, the prototype driver has an almost empty cavity. Only a small moving magnet is necessary, which is shown at right.

Fig. 9. Prototype bass transducer (MM800) in 1-1 cabinet (1-Euro coin for size comparison, lower left-hand corner) with a resonance
frequency of 55 Hz.
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�H/�(Bl) � 0, we get

�Bl�2

Re
= Rm. (39)

Note at this point that if Eq. (39) holds, we get for this
particular case Qe � Qm [see Eq. (13)]. It appears that the
maximum voltage sensitivity is reached as the electrody-
namic damping term (Bl)2/Re is equal to the mechanical
damping term Rm. In this case we refer to the optimum
force factor as

�Bl�o = �ReRm. (40)

If Eq. (39) is substituted into Eq. (38), this yields the
optimal voltage sensitivity ratio

Ho�� = �0� =
i�0�S

4�r�Bl�o
. (41)

We find that the specific relationship between (Bl)o and
both Rm and Re [Eq. (39)] causes Ho to be inversely pro-
portional to (Bl)o (which may seem counterintuitive), and
thus also inversely proportional to √Rm.

Fig. 10. Frequency mapping scheme. BPF—band-pass filter; Env. Det—envelope detector; signal Vout is fed to driver (via a power
amplifier).

Fig. 11. Signals before and after frequency-mapping processing of Fig. 10. (a) Time signal at Vin; thin curve—output of envelope
detector. (b) Spectrogram of input signal. (c) Spectrogram of output signals.
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The power efficiency at the resonance frequency under
the optimality condition obtained by substitution of Eq.
(39) into Eq. (33) yields

�o�� = �0� =
RmRr

�Rm + Rr�
2 + �Rm + Rr�Rm

. (42)

This can be approximated for Rr << Rm as

�o�� = �0� ≈
Rr

2Rm
(43)

which clearly shows that for a high power efficiency at the
resonance frequency the cone area must be large, because
Rr is—according Eq. (17)—proportional to the squared
cone area; and that the mechanical damping must be as
small as possible. The damping must be not too small,
because the transient response depends on the damping as
well, as will be discussed in the next section. This con-
clusion is the same as for achieving optimum voltage sen-
sitivity [given by Eq. (41)].

Using Eqs. (10), (11), (39), and V � sX, we get for the
cone velocity sensitivity

Vo��0�

E��0�
=

1

2�Bl�o
(44)

which again shows the benefit of low Bl and Rm values.
Furthermore, assuming the optimality condition given by
Eq. (39) and using Eq. (15), we get

Zo,in(�0) ≈ 2Re (45)

which clearly shows that the peak in the impedance curve
is equal to twice that of Re.

Using Eq. (39) we get a high efficiency. This is at the
expense of a decreased sound quality and some additional
electronics to accomplish the frequency mapping. How-
ever, listening tests confirmed that the decrease in sound
quality appears to be modest, as will be discussed in Sec-
tion 6.

5 TRANSIENT RESPONSE

Because Bl influences the transient response of normal
drivers and low-Bl drivers in particular, a transient re-
sponse analysis is presented next. In [24] the response to
a sinusoid which is switched on at t � 0 was calculated.
Those results showed that the medium- and high-Bl driver
systems rapidly converge to their steady-state response,
while this is not generally the case for low-Bl drivers. This
can also be seen by calculating the impulse response. The
transfer function Hx(s), from voltage E to displacement X
[Eq. (8)], can be written as

Hx�s� =
Bl�Re

s2mt + sRt + kt

(46)

where mt is the total moving mass, Rt is the total damping
(mechanical, electrodynamic, and acoustical),

Rt = Rm +
�Bl�2

Re
+ Rr (47)

and kt is the total spring constant, as described in Section
1. Knowing that the Laplace transform for a sinusoid with
amplitude A and frequency �s is

E�s� =
A�s

s2 + �s
2 (48)

X(s) can be calculated as

X�s� =
�Bl�Re� A�s��s

2 + �s
2�

s2mt + sRt + kt

. (49)

Assuming that Rt
2 < 4 mtkt, the right-hand side of Eq. (46)

has complex conjugate poles s1,2, given by

s1,2 = −��0 � i�n = −a �ib (50)

where � is the damping,

b2 = �n
2 =

kt

mt
− � Rt

2mt
�2

(51)

is the natural frequency, and

a =
Rt

2mt
. (52)

Here we see that the time constant a−1 is proportional to
the total moving mass mt—therefore tweeter domes must
be light and woofers need not be very light—and inversely
proportional to the total damping. The response (displace-
ment versus time) to a sinusoid that is switched on at t �
0 is plotted in Fig. 12 (solid curve). The figure shows that
it takes some time—which is proportional to the time con-
stant a−1—before the displacement is settled to its final
value.

5.1 Impulse Response
The impulse response h(t) of the cone displacement can

be calculated directly by the inverse Laplace transform of
Hx(s) [Eq. (46)]. There are three possibilities for the poles
of Eq. (46): they can be complex, real and equal, or real
and separate. We will consider all three.

5.1.1 Complex Poles
If R2

t < 4mtkt, then the poles of Eq. (46) are complex and
given by Eq. (50) as discussed. The corresponding impulse
response is equal to

h�t� =
Kl

�n
e−at sin��nt� (53)

where Kl � Bl/(Remt). Fig. 13 shows the impulse response
curves, using Eq. (53) for low (solid curve) and medium
(dash–dot curve) Bl drivers with Bl values of 1.2 and
5.0 N/A.

5.1.2 Real and Equal Poles
If R2

t � 4mtkt, then the poles of Eq. (46) are real and
equal. They are at s1,2 � −Rt/mt. The corresponding im-
pulse response is equal to

h(t) � Klte
s1t. (54)
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5.1.3 Real and Separate Poles
If there is sufficient damping (R2

t > 4mtkt), and this is
typical for high-Bl drivers, then the poles of Eq. (46) be-
come real and separate. They are at

s1,2 = −
Rt

mt
���Rt

mt
�2

−
4kt

mt
. (55)

The corresponding impulse response is equal to

h�t� =
Kl

s2 − s1
�es1t − es2t�. (56)

Fig. 13 (dashed curve) shows the impulse response curve
[using Eq. (56)] for a high-Bl driver with Bl � 22 N/A.

For this particular value of Bl, and other parameters used
for this curve, the poles are at s1/(2�) � 1.72 kHz and
s2/(2�) � 4.3 Hz. This 4.3-Hz value is so low that is not
visible in the plot of Fig. 4. Therefore it appears that the
dashed curve in Fig. 4 has slope +1. This is very uncom-
mon for loudspeakers; however, below 4.3 Hz it has slope
+2. This phenomenon was also discussed in [23].

6 DISCUSSION

The equivalent volume of a loudspeaker is given by

Vas =
�c2��a2�2

kd
. (57)

Fig. 12. Displacement of driver MM3c with low Bl value of 1.2 N/A (——). All other parameters are kept as given in Table 2; all
with 1 W input power. Frequency of driving signal �s/(2�) � 47 Hz, which is 1.1 times the driver resonance frequency f0 � 43 Hz.
Stationary value of displacement (� � � �).

Fig. 13. Impulse response of cone displacement for driver MM3c with three Bl values: low Bl � 1.2 (——), medium Bl � 5 (- � - � -),
and high Bl � 22 N/A (- - -). All other parameters are kept as given in Table 2; all with 1 W input power.
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For a given volume of the enclosure, the corresponding kB

of the “air spring” can be calculated from Eq. (3). Mount-
ing a loudspeaker in a cabinet will increase the total spring
constant by an amount given by Eq. (3) and will subse-
quently increase the resonance frequency of the system.
To compensate for this bass loss, the moving mass has to
be increased. Thus √ktmt is increased, which raises Qe [see
Eq. (13)]. Then Bl must be increased in order to preserve
the original value of Qe. The original frequency response
is then maintained, but at the cost of a more expensive
magnet and a loss in efficiency. This is the designer’s
dilemma: high efficiency or small enclosure? To meet the
demand for a certain cutoff frequency, the enclosure vol-
ume must be greater. Alternatively, the efficiency for a
given volume will be less than for a system with a higher
cutoff frequency.

This dilemma is (partially) solved by using the low-Bl
concept as discussed in Section 4, however, at the expense
of a decreased sound quality and some additional electron-
ics to accomplish the frequency mapping. Many informal
listening tests and demonstrations confirmed that the de-
crease in sound quality appears to be modest—apparently
because the auditory system is less sensitive at low fre-
quencies. Also, the other parts of the audio spectrum have
a distracting influence on this mapping effect, which has
been confirmed during formal listening tests [25], where
the detectability of mistuned fundamental frequencies was
determined for a variety of realistic complex signals.

7 CONCLUSIONS

The force factor Bl plays a very important role in loud-
speaker design. It determines the efficiency, the imped-
ance, the SPL response, the temporal response, the weight,
and the cost. The choice concerning these parameters de-
pends on the application. High-Bl drivers have a high ef-
ficiency, but require equalization and a large and heavy
magnet system, which makes them less suitable for por-
table equipment. If the size of the cabinet is of lesser
importance, a medium-Bl is the simplest solution, because
it does not require any other measures. On the other hand,
if a very small cabinet and a high efficiency are important,
then the low-Bl system is to be preferred. A new low-Bl
driver has been developed which, together with some ad-
ditional electronics, yields a low-cost, lightweight, flat,
and very high-efficiency loudspeaker system for low-
frequency sound reproduction.
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