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It has been argued that the sound radiation of a loudspeaker is modeled realistically by assuming the
loudspeaker cabinet to be a rigid sphere with a resilient spherical cap. Series expansions, valid in the
whole space outside the sphere, for the pressure due to a harmonically excited cap with an axially
symmetric velocity distribution are presented. The velocity profile is expanded in functions
orthogonal on the cap, rather than on the whole sphere. As a result, only a few expansion coefficients
are sufficient to accurately describe the velocity profile. An adaptation of the standard solution of the
Helmholtz equation to this particular parametrization is required. This is achieved by using recent
results on argument scaling of orthogonal �Zernike� polynomials. The approach is illustrated by
calculating the pressure due to certain velocity profiles that vanish at the rim of the cap to a desired
degree. The associated inverse problem, in which the velocity profile is estimated from pressure
measurements around the sphere, is also feasible as the number of expansion coefficients to be
estimated is limited. This is demonstrated with a simulation.
© 2010 Acoustical Society of America. �DOI: 10.1121/1.3303978�
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I. INTRODUCTION

The sound radiation of a loudspeaker is quite often mod-
eled by assuming the loudspeaker cabinet to be a rigid infi-
nite baffle around a circularly symmetric membrane. Given a
velocity distribution on the membrane, the pressure in front
of the baffle due to a harmonic excitation is then described
by the Rayleigh integral1 or by King’s integral.2 These inte-
grals have given rise to an impressive arsenal of analytic
results and numerical methods for the pressure and other
acoustical quantities in journal papers3–17 and textbooks.18–24

The results thus obtained are in good correspondence with
what one finds, numerically or otherwise, when the loud-
speaker is modeled as being a finite-extent boxlike cabinet
with a circular, vibrating membrane. Here, one should limit
attention to the region in front of the loudspeaker and not too
far from the axis through the middle of and perpendicular to
the membrane. The validity of the infinite baffle model be-
comes questionable, or even nonsensical, on the side region
or behind the loudspeaker22 �p. 181�. An alternative model,
with potential for more adequately dealing with the latter
regions, assumes the loudspeaker to be a rigid sphere
equipped with a membrane in a spherical cap of the sphere. It
has been argued by Morse and Ingard20 �Sec. 7.2� that using
the sphere as a simplified model of a loudspeaker, whose
cabinet has roughly the same width, height, and depth, pro-
duces comparable acoustical results as the true loudspeaker
�also see Fig. 2 of the present paper�. An application for the
cap model is that it can be used to predict the polar behavior
of a loudspeaker cabinet. Modeling the loudspeaker as a re-
silient spherical cap on a rigid sphere would have the attrac-
tive feature that the solution of the Helmholtz equation for
the pressure is feasible as a series involving the spherical
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harmonics and spherical Hankel functions, see Ref. 18
�Chap. 11.3�, Ref. 19 �Chap. III, Sec. VI�, Ref. 20 �Chap. 7�,
and Ref. 21 �Chaps. 19–20�, and expansion coefficients to be
determined from the boundary condition at the sphere �in-
cluding the resilient cap�.

In the present paper, the velocity profile is assumed to be
axially symmetric but otherwise general. It was shown by
Frankort25 that this is a realistic assumption for loudspeakers,
because their cones mainly vibrate in a radially symmetric
fashion. These loudspeaker velocity profiles can be param-
eterized conveniently and efficiently in terms of expansion
coefficients relative to functions orthogonal on the cap. The
orthogonal functions used are the Zernike terms R2�

0 as it
occurred in Refs. 16 and 17 for the case of a resilient circular
radiator in an infinite baffle, to which an appropriate variable
transformation is applied, so as to account for the geometry
of the cap. A formula will be developed that expresses the
required coefficients in the standard solution of the Helm-
holtz equation in terms of the Zernike expansion coefficients
of the velocity profile on the cap. This then gives rise to a
formula, explicitly in terms of these Zernike coefficients for
the pressure at any point on and outside the sphere. As ex-
amples of the resulting forward computation scheme, profiles
of the Stenzel type �certain type of smooth functions of the
elevation angle that vanish at the rim of the cap to any de-
sired degree� are considered. The corresponding inverse
problem, in which the expansion coefficients of the unknown
profile are estimated from the measured pressure that the
profile gives rise to, is also feasible. This is largely due to the
fact that the expansion terms are orthogonal and complete so
that for smooth velocity profiles only a few coefficients are
required. Thus, for such velocity profiles, the profile can be
readily estimated from pressure measurements around the
sphere.

In Refs. 16 and 17, a similar approach has been used for

radiation from a circular radiator in an infinite baffle. A spe-
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cial Zernike expansion of the exponential factor occurring in
the Rayleigh integral for the pressure yields in Ref. 16 an
explicit formula for the on-axis pressure in terms of the
Zernike coefficients of the velocity profile on the radiator.
This formula is used for forward computation of the on-axis
pressure, as well as for solving the inverse problem of esti-
mating the velocity profile through its Zernike coefficients
from measured on-axis pressure data. Furthermore, the ze-
roth order Hankel transform of the Zernike terms have a
particular simple form in terms of Bessel functions of the
first kind. In Ref. 16, this is used to express the far-field
pressure explicitly in terms of the Zernike coefficients of the
velocity profile on the radiator. In Ref. 17, a similar thing is
done, via King’s integral expression for the pressure, to find
series expansions for acoustical quantities such as the pres-
sure at the edge of the radiator, the radiator force on the
radiator, the radiated power, and the directivity.

The results and methods in the present paper differ from
those in the previous literature18–21 and from those in Refs.
16 and 17 in the following manner. In Refs. 18–21, the at-
tention is restricted to the case of a velocity profile with
constant radial or axial component. In this paper, general
axially symmetric profiles are allowed. Next, the pressure in
the whole space in and outside the sphere �and not just on the
axis or in the far field� is computed. This naturally gives rise
to expressions for the on-axis and for the far-field pressure,
as in Ref. 16, and to expressions for the acoustical quantities,
as considered in Ref. 17, for the case of radiation from a
spherical cap on a spherical baffle. Due to the different ge-
ometry than the one used in Refs. 16 and 17, a variable
transformation is required to pass from orthogonal functions
on the disk to orthogonal functions on the cap. Furthermore,
the expansion coefficients required in the solution of the
Helmholtz equation must be expressed in terms of the expan-
sion coefficients of the velocity profile on the cap. This is
achieved here by using a recent explicit result26,27 on
variable-scaling of Zernike terms, a result that has not been
used previously in the acoustical setting.

The results in this paper are of a �semi�analytical nature,
which distinguish these from the ones obtained by more nu-
merically oriented method, such as in Refs. 28 and 29. In
Ref. 28, a boundary element method �BEM� is used to pre-
dict acoustical radiation from axisymmetric surfaces with ar-
bitrary boundary conditions, and in Ref. 29, near-field acous-
tical holography �NAH� is used to characterize acoustical
radiators from near-field pressure data. While these methods
are powerful tools for the forward and inverse problem, the
analytic approach with a simplified model can yield addi-
tional insights as to the role of the various parameters and
expansion coefficients. In particular, in the forward method,
the influence on the pressure and related quantities of a par-
ticular Zernike term in the expansion of the velocity profile
is reflected directly in terms of the involved expansion coef-
ficient, of which, quite often, only a few are needed. Further-
more, the inverse method can also be used for design pur-
poses, in which one has to match a desired, rather than a

measured, pressure distribution in the field.
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II. BASIC FORMULAS AND OVERVIEW

Assume a general velocity profile V�� ,�� on a spherical
cap, given in spherical coordinates as

S0 = ��r,�,���r = R, 0 � � � �0, 0 � � � 2�� , �1�

with R the radius of the sphere with center at the origin and
�0 the angle between the z-axis �elevation angle �=0� and
any line passing through the origin and a point on the rim of
the cap. See Fig. 1 for the geometry and the notations used in
this paper. Thus, it is assumed that V vanishes outside S0.
Furthermore, in loudspeaker applications, the cap moves par-
allel to the z-axis, and so V�� ,�� will be identified with its
z-component, and has normal component

W��,�� = V��,��cos � . �2�

The average of this normal component over the cap,

1

AS0

� �
S0

W��,��sin �d�d� , �3�

is denoted by w0, where AS0
is the area of the cap, see Eq.

�10�. Then the time-independent part p�r ,� ,�� of the pres-
sure due to a harmonic excitation of the membrane is given
by

p�r,�,�� = − i�0c 	
n=−�

�

	
m=−n

n

WmnPn
�m��cos ��

hn
�2��kr�

hn
�2���kR�

eim�,

�4�

see Ref. 20 �Chap. 7� or Ref. 21 �Chap. 19, Helmholtz equa-
tion with spherical boundary conditions�. Here, �0 is the den-
sity of the medium, c is the speed of sound in the medium,
k=� /c is the wave number, and � is the radial frequency of
the applied excitation, and r�R, 0����, 0���2�. Fur-
thermore, Pn

�m��cos ��eim� is the spherical harmonic Yn
m in ex-

ponential notation �compare with Ref. 20 �Sec. 7.2�, where
sine-cosine notation has been used�, hn

�2� is the spherical Han-
kel function, see Ref. 30 �Chap. 10�, of order n, and Wmn are
the expansion coefficients of W�� ,��, 0����, 0���2�,

m

R

z

x

0

y

r

θ
φ

θ0
z0

P

S0

FIG. 1. Geometry and notations. The area outlined with the thick curves is
the cap denoted by S0.
relative to the basis Yn �� ,��. Thus,
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Wmn =
n + 1/2

2�

�n − �m��!
�n + �m��!�0

� �
0

2�

W��,��Pn
�m��cos ��

	e−im� sin �d�d� , �5�

where it should be observed that the integration over � in Eq.
�5� is in effect only over 0����0 since V vanishes outside
S0.

In the case of axially symmetric velocity profiles V and
W, written as V��� and W���, Eqs. �4� and �5� become inde-
pendent on � and is simplified to

p�r,�,�� = − i�0c	
n=0

�

WnPn�cos ��
hn

�2��kr�
hn

�2���kR�
�6�

and

Wn = �n + 1/2��
0

�

W���Pn�cos ��sin �d� , �7�

respectively, with Pn as the Legendre polynomial of degree
n. The integration in Eq. �7� is actually over 0����0. Since
loudspeakers mainly vibrate in a radially symmetric fashion,
almost all attention in this paper is limited to axially sym-
metric velocity profiles V and W. In Sec. VI, the generaliza-
tion to nonaxial symmetric profiles is briefly considered.

The case that W is constant w0 on the cap S0 has been
treated in Ref. 19 �Part III, Sec. VI�, Ref. 20 �p. 343�, and
Ref. 21 �Sec. 20.5�, with the result that

Wn = 1
2w0�Pn−1�cos �0� − Pn+1�cos �0�� . �8�

The pressure p is then obtained by inserting Wn into Eq. �6�.
Similarly, the case that V is constant v0 on S0 has been
treated by Ref. 21 �Sec. 20.6�, with the result that

Wn =
1

2
v0
 n + 1

2n + 3
�Pn�cos �0� − Pn+2�cos �0��

+
n

2n − 1
�Pn−2�cos �0� − Pn�cos �0��� . �9�

In Eqs. �8� and �9� the definition P−n−1= Pn, n=0,1 , . . ., has
been used to deal with the case n=0 in Eq. �8� and the cases
n=0,1 in Eq. �9�. In Fig. 2, the resemblance is shown be-
tween the polar plots of: a real driver in a rectangular cabinet
�Fig. 2�a��, a rigid piston in an infinite baffle �Fig. 2�b��, and
a rigid spherical cap in a rigid sphere �Fig. 2�c�� using Eqs.
�6� and �9�. The driver �Vifa MG10SD09-08, a=3.2 cm�
was mounted in a square side of a rectangular cabinet with
dimensions 13	13	18.6 cm3 and measured on a turning
table in an anechoic room at 1 m distance. Figure 2 clearly
shows that the resemblance between polar plots of the mea-
sured loudspeaker �Fig. 2�a�� and those of the sphere model
�Fig. 2�c�� is much better than the often used infinite baffle
model �Fig. 2�b��. In particular, at low frequencies, the
�solid� curve in Fig. 2�b� is independent of the angle, which
is not the case for Figs. 2�a� and 2�c�. At higher frequencies,
the overall shape and, in particular, the notches of Fig. 2�b�,
does not exhibit the resemblance such as between Figs. 2�a�

and 2�c�. Finally, for angles between 90° and 270° the infi-
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nite baffle model �Fig. 2�b�� is nonsensical. The area of the
spherical cap is equal to

AS0
= 4�R2 sin2��0/2� . �10�

If this area is chosen to be equal to the area of the flat piston,
there follows for the piston radius

a = 2R sin��0/2� . �11�

The parameters used for Fig. 2, a=3.2 cm, �0=� /8, R
=8.2 cm, are such that—using Eq. �11�—the area of the pis-
ton and the cap are equal. The radius R of the sphere is such
that the sphere and cabinet have comparable volumes, 2.3
and 3.1 l, respectively. If R is such that the sphere volume is
the same as that of the cabinet, and �0, such that the area of
the piston and the cap are equal, one gets R=9.0873 cm and
�0=0.353 99 rad ��20°�. The corresponding polar plot—
Fig. 2�d�—is very similar to Fig. 2�c�; the deviations are
about 1 dB or less. Apparently, the actual value of the vol-
ume is of modest influence.

It should be noted that the Wn in Eqs. �8� and �9� have
slow decay, roughly like n−1/2 �see Eq. �B5� in Appendix B�,
and this shows that the representation of W through its Leg-
endre coefficients is highly inefficient. While slow decay of
Wn in Eq. �6� is not necessarily a problem for the forward
problem �where the pressure p is computed from W using
Eqs. �6� and �7��, it certainly is for the inverse problem. In
the inverse problem, one aims at estimating the velocity pro-
file W �or V� from pressure measurements around the sphere.
This can be done, in principle, by adopting a matching ap-
proach in Eq. �6�, in which the Wn are optimized with respect
to match of the measured pressure p and the theoretical ex-
pression for p in Eq. �6� involving the Wn. Already for the
simplest case that W is constant, it is seen from the slow
decay of the Wn and the slow decay of Pn�cos �� that a very
large number of terms are required in the Legendre series
W���=	n=0

� WnPn�cos ��.
In this paper, a more efficient representation of W is

employed. This representation uses orthogonal functions on
the cap that are derived from Zernike terms

R2�
0 ��� = P��2�2 − 1�, 0 � � � 1, � = 0,1, . . . �12�

that were also used in Refs. 16 and 17. These Zernike terms
arise uniquely when the set of radially symmetric functions
�2j = �x2+y2� j, j=0,1 , . . ., on the unit disk x2+y2�1 are or-
thogonalized with respect to the inner product

� �
x2+y2�1

A�x,y�B��x,y�dxdy �13�

for functions A and B on the unit disk �also see Eq. �27� and
the text below Eq. �27��. Thus,

1

�
� �

x2+y2�1
R2�

0 ��x2 + y2�1/2�R2k
0 ��x2 + y2�1/2�dxdy

= 2�
0

1

R2�
0 ���R2k

0 ����d� =

�k

2� + 1
. �14�

Because of the geometry of the spherical cap, a variable

transformation is required to pass from orthogonal function
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R2�
0 on the disk to orthogonal functions on the cap. This is

achieved by setting

C2�
0 ��� = R2�

0 � sin
1

2
�

sin
1

2
�0
, 0 � � � �0 �15�

for �=0,1 , . . ., see Appendix A. With

� = 2 arcsin�s0��, s0 = sin1
2�0, �16�

the inverse of the variable transformation used in Eq. �15�, it
holds by completeness and orthogonality of the Zernike
terms that

W�2 arcsin�s0��� = w0	
�=0

�

u�R2�
0 ���, 0 � � � 1, �17�

dB−30
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−10

0
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180 �
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300 �

330 �

(b)

(a)

FIG. 2. �Color online� Polar plots of the SPL �10 dB/div�, f =1 kHz �solid
curve�, corresponding for c=340 m /s and a=3.2 cm to ka values: 0.591,
=1 m� in rectangular cabinet. �b� Rigid piston �a=3.2 cm� in infinite baffl
using Eqs. �6� and �9�. The parameters a, R, and �0 are such that—using E
sphere volume equal to that of the cabinet, and R=9.0873 cm and �0=0.35
where the expansion coefficients w0u� are given by
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w0u� = 2�2� + 1��
0

1

W�2 arcsin�s0���R2�
0 ����d� . �18�

It is this parametrization of W in terms of the expansion
coefficients u� that will be preferred in the sequel. This pa-
rametrization is obtained by “warping” W according to Eq.
�16� and expanding the resulting warped function as in Eqs.
�17� and �18�, with s0 given in Eq. �16�.

The efficiency of the representation in Eq. �17� is appar-
ent from the fact that a smooth profile W requires only a
limited number terms with coefficients u� of relatively small
amplitude in Eq. �17� to yield an accurate approximation of
W�2 arcsin�s0���. For instance, the constant profile W=w0 on
S0 is represented exactly by only one such term, w0R0

0���, in
the expansion in Eq. �17�, and the profile W=v0 cos �, cor-
responding to the case that V is constant v0 on S0, is repre-
sented exactly by two terms v0��1−s0

2�R0
0���−s0

2R2
0����. More

0 �

30 �

60 �

90 �

120 �

150 �

180 �

210 �

240 �

70 �

300 �

330 �

0 °

30 °

60 °

90 °

120 °

150 °

180 °

210 °

240 °

70 °

300 °

330 °

c)

d)

�, 4 kHz �dotted curve�, 8 kHz �dashed-dotted curve�, and 16 kHz �dashed
5, 4.731, 9.462. �a� Loudspeaker �radius a=3.2 cm, measuring distance r
Rigid spherical cap �aperture �0=� /8, sphere radius R=8.2 cm, r=1 m�

�—the area of the piston and the cap are equal. �d� Same as �c� but with a
rad. All curves are normalized, such that the SPL is 0 dB at �=0.
°

�

2

2

(

(

curve
2.36

e. �c�
q. �11
3 99
complicated examples arise when V or W is a multiple of the
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Stenzel profile

�n + 1�� cos � − cos �0

1 − cos �0
�n

, �19�

and these require n+1 terms in the representation in Eq. �17�.
These profiles vanish at the rim of S0 to degree n and are
considered in Secs. V and VI to illustrate the methods devel-
oped in this paper.

In Sec. III, it will be shown that the expansion in Eq.
�17� gives rise to the formula

Wn = �− 1�ns0w0	
�=0

n

�R2n+1
2�+1�s0� − R2n−1

2�+1�s0��u�, �20�

expressing the coefficients Wn required in Eq. �6� for the
pressure in terms of the expansion coefficients u� in Eq. �17�.
From this a series expansion for the pressure p in the whole
space r�R, �� �0,��, and �� �0,2�� follows as

p�r,�,�� = − i�0cw0	
�=0

�

u�S��r,�� , �21�

where

S��r,�� = 	
n=�

�

�− 1�ns0�R2n+1
2�+1�s0�

− R2n−1
2�+1�s0��Pn�cos ��

hn
�2��kr�

hn
�2���kR�

. �22�

In Eqs. �20�, �22�

Rn
m��� = �mP�n−m�/2

�0,m� �2�2 − 1� , �23�

for integer n ,m�0 with n−m even and �0 �Rn
m�0 other-

wise� with Pk
��,���x� the general Jacobi polynomial.30 The

functions

Anm�x,y� = Rn
�m����eim�, x = � cos �, y = � sin � �24�

are known in optics31,32 as the circle polynomials of Zernike
and they have been introduced recently in acoustics as
well.16,17 They have been shown by Bhatia and Wolf31 to
arise uniquely as orthogonal functions, see Eq. �13�, that sat-
isfy form invariance under rotations of the unit disk.

The main result in Eqs. �20�–�23� provides the generali-
zation of the forward computation scheme in Eqs. �6�, �8�,
and �9� to general axially symmetric velocity profiles W. Fur-
thermore, it provides the basis for the inverse problem, in
which the expansion coefficients u� are estimated from mea-
sured pressure data around the sphere by adopting a best
match approach in Eq. �21�. From these estimated coeffi-
cients, an estimate of W can be made on basis of Eq. �17�.

In Sec. IV, the forward computation scheme embodied
by Eqs. �21�–�23� is discussed in some detail. It is shown
how the results in Eqs. �8� and �9� arise for the two special
cases considered there, and the matter of convergence of the
series in Eq. �22� and some computational issues are ad-
dressed. In Sec. V, the forward method is exemplified for the
case that V or W is a Stenzel-type profile, see Eq. �19�. In
Sec. VI, the inverse method is illustrated in simulation. In

Sec. VII, the extension of the methodology to nonaxial sym-
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metric profiles is briefly discussed. In Sec. VIII, the results of
this paper are discussed, applications of these to audio engi-
neering phenomena and quantities are considered, and some
issues for future investigations are mentioned. The conclu-
sions are presented in Sec. IX. Finally, in Appendix A, the
orthogonality of the functions C2�

0 in Eq. �15� is established,
in Appendix B, the asymptotics of the terms in the series for
S� in Eq. �22� as n→� is given, which is required for the
convergence matter in Sec. IV, and in Appendix C, the Rn

m

are given in the form of a discrete cosine transform, which
allows fast and reliable computation of the Zernike terms of
large degree.

III. DERIVATION OF THE MAIN RESULT

In this section, the main result of Eqs. �20�–�23� on the
coefficients Wn required in the solution of the Helmholtz
equation and the pressure p due to an axially symmetric,
radial velocity component W��� vanishing outside the spheri-
cal cap S0 is proved. Our initial aim is to show Eq. �28� that
expresses Wn in terms of W���, warped according to Eqs.
�16� and �17�, and the scaled Zernike terms R2n

0 �s0��. Then a
result from the scaling theory of Zernike terms is used to
establish Eq. �20� and, subsequently, Eqs. �22� and �23�.
Thus, from Eq. �7� and the substitutions =cos �, =2y2

−1, it follows that

Wn = �n + 1/2��
0

�0

W���Pn�cos ��sin �d�

= 4�n + 1/2��
cos1/2�0

1

W�arccos�2y2 − 1��

	Pn�2y2 − 1�ydy . �25�

Next, the substitution y=�1−x2 is made, and it is used that

Pn�− z� = �− 1�nPn�z�, arccos�1 − 2x2� = 2 arcsin x .

�26�

This gives

Wn = 2�2n + 1��− 1�n�
0

s0

W�2 arcsin x�Pn�2x2 − 1�xdx ,

�27�

where s0=sin1
2�0 as in Eq. �16�. Next, the definition R2n

0 �x�
= Pn�2x2−1�, see Eq. �12�, is used, the substitution x=s0�
with 0���1 is made, and it follows that

Wn = 2�2n + 1��− 1�ns0
2�

0

1

W�2 arcsin�s0���R2n
0 �s0���d� .

�28�

Now there is the following general result26,27 on argument
scaling of the polynomials Rs

r, see Eq. �23�:

Rs
r���� = 	

t

t + 1

s + 1

1

�
�Rs+1

t+1��� − Rs−1
t+1����Rt

r��� . �29�

Here, r and s are integers �0 with s−r even and �0 �recall
m
that Rn =0 when n�m� and t in the summation in Eq. �29�
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assumes the values r ,r+2, . . . ,s; � and � are arbitrary �0.
Using this result with

r = 0, s = 2n, � = s0, � = � �30�

in Eq. �28�, together with Eq. �18�, it follows that

Wn = �− 1�ns0w0	
�=0

n

�R2n+1
2�+1�s0� − R2n−1

2�+1�s0��u�. �31�

This is Eq. �20�. Then Eq. �21� for p, with S� given by Eq.
�22�, follows upon inserting the result of Eq. �31� for Wn into
Eq. �6� and interchanging the summations over n and �.

IV. DISCUSSION OF THE MAIN RESULT

In this section, the main result in Eqs. �20�–�23� is dis-
cussed in some detail. It is shown how the special cases of
constant W or constant V on the cap arise, see Eqs. �6�–�9�.
Furthermore, the order of magnitude of the terms in the se-
ries for S� in Eqs. �22� as n→� is indicated. The latter analy-
sis shows that, especially when r is not large compared to R,
many terms of n are required. In Sec. IV C, it is proposed to
compute �high-degree� Zernike polynomials by employing
their representation in Eq. �23�, in terms of Jacobi polynomi-
als, where the latter are computed using MATHEMATICA. An
alternative method, based on an expression for Rn

m���, using
the discrete cosine transform, is presented in Appendix C.

A. Special case W=w0 on S0

The result in Eq. �8� for the special case that W is con-
stant w0 on S0 does not immediately follow from Eq. �20�. As
already noted, u0=1, u1=u2= ¯ =0 in this case. Due to the
various recurrence relations30 that exist for the Jacobi poly-
nomials, the result in Eq. �20� can be brought into a variety
of different forms. As one of these, there holds for n
=1,2 ,¯

2s0�R2n+1
1 �s0� − R2n−1

1 �s0�� = �R2n+2
0 �s0� − R2n−2

0 �s0�� , �32�

and Eq. �8� for Wn follows using that, see Eq. �12�,

R2k
0 �s0� = Pk�2 sin2 1

2�0 − 1�
= Pk�− cos ��

= �− 1�kPk�cos �� . �33�

In principle, recursion techniques can also be used to estab-
lish the result in Eq. �9� for Wn, in the case that V is constant
v0 on S0.

B. Special case W is a simple source on S0

If the polar cap aperture �0 is decreasing, in the limit, the
cap will act as a simple source. Using Eqs. �21�–�23� and by
proper normalization by the cap area AS0

, using Eq. �10�, and
the definition of w0 by Eq. �3�, there holds

p�r,�,�� = − i�0cw0	
�

�2n + 1�Pn�cos ��
hn

�2��kr�
h�2���kR�

. �34�

n=0 n
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In Fig. 3, the corresponding polar plot is illustrated, where
the same sphere radius and frequencies are used as in Fig.
2�c�.

C. Convergence analysis of the series S� and
computational aspects

As already said, for smooth velocity profiles W, only a
limited number of coefficients u� in the expansion in Eq. �17�
have to be considered. In Appendix B, it is shown that the
terms

s0�R2n+1
2�+1�s0� − R2n−1

2�+1�s0��Pn�cos ��
hn

�2��kr�
hn

�2���kR�
�35�

in the series defining S� in Eq. �22� are of the order of mag-
nitude

kR

�n + 1�3/2�R

r
�n+1

and
kR

�n + 1�2�R

r
�n+1

, �36�

respectively, when � is near 0 or � and away from 0 and �,
respectively. Here, it is assumed that �0 is not close to 0 or �.
The estimate of the order of magnitude is accurate when � is
fixed and n exceeds 1

4 �kr�2. It then follows from the analysis
in Ref. 33 �Sec. V� that the truncation error after the Nth
term in the series of Eq. �22� for S� has order of magnitude
kN−1/2�R /r�N and kN−1�R /r�N, respectively, for the corre-
sponding �-ranges. Hence, when r is allowed to approach R,
a relatively large number of terms is required in the series for
S�.

Implementation of Eqs. �21� and �22� requires computa-
tion of the quantity in Eq. �35�, normally for low or moderate
values of � and possibly for large values of n. These compu-
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FIG. 3. �Color online� Polar plots of the SPL �10 dB/div� of a simple source
on a sphere of radius R=0.082 m. Frequency f =1 kHz �solid curve�, 4 kHz
�dotted curve�, 8 kHz �dashed-dotted curve�, and 16 kHz �dashed curve�, at
distance r=1 m, using Eqs. �34�. All curves are normalized, such that the
SPL is 0 dB at �=0.
tations have been done for the present paper in MATH-
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EMATICA. The Zernike polynomials and Legendre polynomi-
als occurring in Eqs. �35� can be expressed in terms of Jacobi
polynomials Pj

��,��, see Eqs. �12� and �23�, and MATH-

EMATICA computes these polynomials, virtually without any
restrictions to the values of the parameters � and � or to the
degree j, provided that a sufficient precision has been set. If
this is not applicable, then the method discussed in Appendix
C might be useful because Eq. �C2� is very robust against
precision problems. Next, hn

�2��kr� and hn
�2���kR� must be

computed. Now hn
�2�� can be expressed in terms of hn

�2�, hn�1
�2� ,

see Ref. 30, Eqs. 10.1.19–10.1.19.22, and the evaluation of
the h�2�-functions can be done in MATHEMATICA, virtually
without any restriction to the order j and argument z of
hj

�2��z�. Finally, hn
�2���kR� occurs in the numerator in Eq. �35�,

and for this it should be checked that hn
�2�� has no real zeros.

By Ref. 30, Eq. 10.1.6,

W�jn�z�,yn�z�� = jn�z�yn��z� − jn��z�yn�z� =
1

z2 �37�

and by Ref. 30, Subsec. 10.1.1,

hn
�2���z� = jn��z� − iyn��z� , �38�

in which jn��z� and yn��z� are real for real z. Hence,

�hn
�2���z��2 = �jn��z��2 + �yn��z��2 �

1

�z�4��jn�z��2 + �yn�z��2�
,

�39�

showing that hn
�2���z� is bounded away from 0.

V. STENZEL-TYPE PROFILES AND FORWARD
COMPUTATION

Consider the profile

V�K���� = v0
�K��K + 1�� cos � − cos �0

1 − cos �0
�K

, 0 � � � �0,

�40�

with V�K����=0 for �0���� �as usual�, K=0,1 , . . .. Then a
simple computation shows that

V�K��2 arcsin�s0��� = v0
�K��K + 1��1 − �2�K, 0 � � � 1.

�41�

The right-hand side of Eq. �41� is the Stenzel profile, consid-
ered extensively in Ref. 16. Thus,

V�K��2 arcsin�s0��� = v0
�K�	

�=0

K

q�
�K�R2�

0 ���, 0 � � � 1,

�42�

where

q�
�K� = �K + 1��− 1��2� + 1

� + 1

�K

�
�

�K + � + 1 � ,
K
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� = 0,1, . . . ,K . �43�

From

W�K���� = V�K����cos � =
K + 1

K + 2
�1 − cos �0�V�K+1����

+ �cos �0�V�K���� , �44�

it follows that

W�K��2 arcsin�s0��� = w0
�K�	

�=0

K+1

u�
�K�R2�

0 ���, 0 � � � 1,

�45�

where

w0
�K� =

K + 1 + cos �0

K + 2
v0

�K�, �46�

and, for �=0,1 , . . . ,K+1,

u�
�K� =

v0
�K�

w0
�K��K + 1

K + 2
�1 − cos �0�q�

�K+1� + �cos �0�q�
�K�� .

�47�

Thus, one can compute the pressure using the formulas in
Eqs. �21�–�23� with u�=u�

�K�.
In Fig. 4, polar plots are displayed of the sound pressure

level �SPL� �10 dB/div� of a spherical cap ��0=� /8, R
=8.2 cm, r=1 m� with various Stenzel velocity profiles, K
=0 �solid curve�, K=1 �dotted curve�, K=2 �dashed-dotted
curve�, and K=3 �dashed curve�: �a� f =4 kHz and �b� f
=8 kHz. It appears that the difference between the various
velocity profiles are more pronounced at higher frequencies.
Also, the cap becomes less directive for higher K values
because in the limit K→�, it would behave like a simple
source on a sphere. Furthermore, it appears that the solid
curves �K=0� for �a� f =4 kHz and �b� f =8 kHz are the
same as the dotted and dashed-dotted curves, respectively, in
Fig. 2�c�, while different formulas were involved.

VI. INVERSE PROBLEM

Equations �21�–�23� show how to compute the pressure
in the space r�R due to a harmonically excited �wave num-
ber k� membrane on the spherical cap 0����0 with a
known radial component W of a velocity profile. In the re-
verse direction, Eqs. �21�–�23� can serve as the basis for a
method for estimating W from measurements of the pressure
p in the space r�R that W gives rise to. Such a profile W can
usually be estimated accurately by a limited number of ex-
pansion coefficients u� in Eq. �17�, and these can be esti-
mated by taking a matching approach in Eq. �22�, in which
the u� are chosen, such that they optimize the match between
the measured pressure and the theoretical expression involv-
ing the u� at the right-hand side of Eq. �22�. Given measure-

ments, see Fig. 1,

R. M. Aarts and A. J. Janssen: Sound radiation from a spherical cap A
u

th
o



r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y

p̂j = p̂j�Pj�, Pj = rj�cos � j sin � j,sin � j sin � j,cos � j� ,

�48�

where j=0,1 , . . . ,J, the numbers d�, �=0,1 , . . . ,L, are cho-
sen, such that

	
j=0

J � p̂j − 	
�=0

L

d�S��rj,� j��2

sin � j �49�

is minimal. The solution of this minimization problem can be
obtained by using “Solve” of MATHEMATICA or by other
means. Then w0, u�, �=0,1 , . . . ,L are estimated by setting
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FIG. 4. �Color online� Polar plots of the SPL �10 dB/div� of a spherical cap
��0=� /8, R=8.2 cm, r=1 m� with various Stenzel velocity profiles, K=0
�solid curve�, K=1 �dotted curve�, K=2 �dashed-dotted curve�, and K=3
�dashed curve�. �a� f =4 kHz, �b� f =8 kHz. All curves are normalized, such
that the SPL is 0 dB at �=0.
d0 = − i�0cw0, u� = d�/d0, � = 0,1, . . . ,L . �50�
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There are various questions that arise in connection with
the above optimization problem, such as number and choice
of the measurement points Pj, choice of L, condition of the
linear systems that occur, influence of noise and of system-
atic errors �such as incorrect setting of R and/or �0�, etc. It is
out of the scope of the present paper to address any of these
issues in detail. Instead, just one simulation example is
given.

VII. SIMULATION EXAMPLE

Take R=8.2 cm, �0=� /4, k=� /c=2�f /c with c
=340 m /s, f =4 kHz, so that kR=6. The measurement
points Pj�rj ,� j ,� j� are taken in the form

R2 j1/J1 = r�j1�,
�� j2 −

1

2
�

J2
= ��j2� ,

2�� j3 −
1

2
�

J3
= ��j3� , �51�

with j1=1 , . . ., J1=4, j2=1 , . . ., J2=6, j3=1 , . . ., J3=6. Such
set of measurement points yields a convenient implementa-
tion of the solution of the optimization problem, but does not
need to be optimal in any other respect �matters as optimal
choice of the measurement points are outside the scope of
this paper�. The profile W is chosen to be

W�K���� = V�K����cos �, 0 � � � �0, �52�

where V�K���� is the Kth Stenzel-type profile as in Sec. V
�see Eqs. �40� and �44��, and K=2. We require for this ex-
ample v0=v0

�K�=1 m /s and by Eqs. �46� and �47�, we get,
respectively, w0=w0

�K� and

u�
�K� =

K + 2

K + 1 + cos �0
�K + 1

K + 2
�1 − cos �0�q�

�K+1�

+ �cos �0�q�
�K�� . �53�

Using q�
�K+1�, q�

�K� given by Eq. �43�, the pressure p is com-
puted in accordance with Eq. �21� with u�=u�

�K�. Measure-
ments p̂j are obtained in simulation by adding complex white
noise �by adding scaled random numbers by MATHEMATICA’s
“RandomComplex�−1−I, 1+I, Length�p��,” where the scal-
ing is such that the signal to noise ratio becomes 40 dB� to
the computed p�Pj�. The nonzero coefficients of W�K� are
estimated by taking L=K+1 in the optimization problem,
and this yields estimates ŵ0 , û0 , . . . , ûK+1 of w0 ,u0 , . . . ,uK+1.
Figure 5 shows the input profile W�K� of Eq. �52� using Eq.
�40� directly �solid curve�, together with the reconstructed
profiles

Ŵ�K���� = ŵ0
�K�	

�=0

K+1

û�R2�
0 � sin

1

2
�

sin
1

2
�0
, 0 � � � �0, �54�
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without noise �dotted curve� and with noise �dashed-dotted
curve� added to the pressure points p̂j. The recovered û� are
computed by solving Eq. �49�, and using Eqs. �50� and �45�,
and s0 from Eq. �16�. Figure 5 shows that the �noiseless�
reconstructed profile �dotted curve� coincides with the input
profile �solid curve�, and that the recovered profile using the
noisy pressure points �dashed-dotted curve� is very similar to
the other two curves. The method appears to be robust for
noise contamination. Figure 6 shows the pressure points at
various angles and distances vs. index i, using Eq. �51� and
i= j3+ �j2−1�J3+ �j1−1�J2J3, with the pressure points �pi�
without noise �filled circles�, pressure points �p̂i� with noise
�squares�, and recovered pressure points �45° rotated
squares�. Note that the noiseless and recovered pressure
points are nearly coincident, which again shows that the
method appears to be robust for noise contamination. Figure
7 shows the corresponding polar plot of the velocity profile
of Fig. 5. The solid curve in Fig. 7 is for the near field �r
=0.0975 m�, and the dotted curve is for the far field �r
=1 m�.

VIII. EXTENSION TO NONAXIALLY SYMMETRIC
PROFILES

Loudspeaker membranes vibrate mainly in a radially
symmetric fashion, in particular, at low frequencies. At
higher frequencies, break-up behavior can occur, and then it
may be necessary to consider nonradially symmetric profiles.
In the present context, where a loudspeaker is modeled as
consisting of a rigid spherical cabinet with a resilient spheri-
cal cap, this requires consideration of nonaxially symmetric
velocity profiles V�� ,�� and W�� ,�� on S0. Thus, the general
formula in Eq. �5� has to be considered now. The methodol-
ogy of this paper is extended to this situation by considering
the expansion on the disk 0���1, 0���2�,

W�2 arcsin�s0�,��� = w0 	
m=−�

�

	
s=0

�

a�m�+2s
�m� R�m�+2s

�m� ���eim�,

�55�

with the general polynomials Rn
m��� given by Eq. �23�. This

0.2 0.4 0.6 0.8
Θ
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0.6

0.8

1.0
W �K�

FIG. 5. �Color online� Input profile W�K� / �K+1� �K=2 and �0=� /4� of Eq.
�52� using Eq. �40� directly �solid curve� together with the reconstructed

profiles Ŵ�K� without noise �dotted curve� and with noise added to the pres-
sure points p̂j �dashed-dotted curve�. The �noiseless� reconstructed profile
�dotted curve� coincides with the input profile �solid curve�.
then leads to a series expansion for the pressure p of the form
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p�r,�,�� = − i�cw0 	
m=−�

�

	
s=0

�

a�m�+2s
�m� Tms�r,�,�� , �56�

where

Tms�r,�,�� = 	
n=�m�

�

QmnsPn
�m��cos ��

hn
�2��kr�

hn
�2���kR�

, �57�

and where the quantities Qmns are to be discussed below. The
formula in Eq. �56� can be used for forward computation,
when the profile W and its expansion coefficients a�m�+2s

m are
known, as well as for solving the inverse problem, in which
the profile W is estimated via its expansion coefficients from
measured pressure data around the sphere r=R.

The Qmns in Eq. �57� are obtained by inserting the ex-
pansion in Eq. �55� into the integral expression in Eq. �5� for
Wmn. Upon integration over �, this yields

Qmns = 4�n + 1/2�s0
2 �n − �m��!
�n + �m��!

Jns
�m�, �58�
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FIG. 6. �Color online� �a� Pressure points at various angles and distances vs.
index i, using Eq. �51� and i= j3+ �j2−1�J3+ �j1−1�J2J3, with the pressure
points �pi� without noise �filled circles�, pressure points �p̂i� with noise
�squares�, and recovered pressure points �45° rotated squares�. The noiseless
and recovered pressure points are nearly coincident. �b� Enlarged portion of
�a� from 90� i�110, and 0.6� log��p���1.3.
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Jns
�m� = �

0

1

Pn
�m��1 − 2s0

2�2�R�m�+2s
�m� ����d� . �59�

The evaluation of the J-integrals is still feasible in semi-
analytic form using the general scaling result in Eq. �29�, but
is quite a bit more complicated than in the case that m=0.
This is due to the fact that Pn

m�1−2x2� is given by the com-
plicated expression

Pn
m�1 − 2x2� =

�n + m�!
n!

xm�1 − x2�m/2Pn−m
�m,m��1 − 2x2� ,

�60�

with Pj
��,�� as the general Jacobi polynomials. Therefore, the

evaluation of the Jns
�m� as R�m�+2s

�m� -coefficients of the function
Pn

�m��1−2s0
2�2� requires dedicated results from the theory of

polynomial expansions. This is outside the scope of the
present paper.

IX. DISCUSSION AND OUTLOOK

In this paper, the foundation is laid for a method to
perform forward and inverse sound pressure computations
for a spherical cap on an otherwise rigid sphere with a non-
uniform velocity profile. This method naturally applies to
spherically shaped loudspeakers, but it appears that even
nonspherical loudspeakers with a cone shaped driver have
polar responses that resemble quite well the polar responses
produced by the spherical model for frequencies from low
frequencies to well over 10 kHz. Thus, the spherical model
can be used more generally to predict loudspeaker behavior
and for loudspeaker design purposes. In the forward prob-
lem, the velocity profile is assumed to be known and the
sound pressure is expressed in the whole space on and out-

0 �

30 �

60 �

90 �

120 �

150 �

180 �

210 �

240 �

270 �

300 �

330 �

FIG. 7. �Color online� Polar plots �10 dB/div� in the near field �solid curve,
r=0.0975 m� and in the far field �dotted curve, r=1 m�, corresponding to
the parameters of the simulation example and the velocity profile of Fig. 5.
All curves are normalized, such that the SPL is 0 dB at �=0.
side the sphere as a series involving the special functions S�,
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of Eq. �22�, with coefficients u� as the expansion coefficients
of the velocity profile warped as in Eqs. �16� and �17�. This
yields a versatile tool, both for the forward problem of com-
puting p from the velocity profile and for the inverse prob-
lem. In the inverse problem, the velocity profile is unknown
and is estimated in terms of Zernike expansion coefficients
from pressure data measured around the sphere by adopting a
matching approach, based on the series solution just men-
tioned for the pressure. Well-behaved velocity profiles are
already adequately represented by only a few terms of their
Zernike expansion. Therefore, the Zernike series approach is
convenient for both the forward problems and the inverse
problem.

The inverse procedure has not been fully worked out in
the present paper due to a variety of practical issues that need
to be addressed. Among these practical issues are

• choice of the measurement points,
• condition of the linear systems that arise,
• influence of wave number k, radius R, and aperture angle

2�0,
• influence of noise,
• influence of misalignment of the measurement points, for

instance, due to wrong choice of origin,
• influence of inclination of the axis, and
• incorrect setting of the radius of the radiator.

While various combinations of these issues should also be
considered. The authors intend to work out the method for
the loudspeaker assessment with attention for the above
mentioned points.

In the present paper, we have considered only the pres-
sure in the field. However, having the required field point
pressure in analytical form, various acoustical quantities be-
come available in an analytical form. In investigations that
are carried out presently, a remarkable resemblance is seen
between measured quantities—such as baffle-step response,
sound power, directivity, and acoustic center—from the loud-
speaker of Fig. 2�a� and the corresponding quantities com-
puted using the spherical model.

There are presently available numerical methods that
can be used both for the forward problem, for instance,
BEMs,28 and for the inverse problem, for instance, NAH.29

These methods can be deployed in case of general geom-
etries and yield the pressure with arbitrary accuracy. How-
ever, for a general understanding and to get a feeling for the
influence of the various parameters on both the pressure and
associated quantities, the availability of a simple analytic, in
certain respects adequate model, as the one that we have
here, is of complementary value.

X. CONCLUSIONS

Appropriately warped Legendre polynomials provide an
efficient and robust method to describe velocity profiles of a
resilient spherical cap on a rigid sphere. Only a few coeffi-
cients are necessary to approximate various velocity profiles,
in particular, Stenzel profiles. The polar plot of a rigid spheri-
cal cap on a rigid sphere is already quite similar to that of a

real loudspeaker, and is useful in the full 4�-field. The
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spherical cap model yields polar plots that exhibit good full
range similarity with the polar plots from real loudspeakers.
It thus outperforms the more conventional model, in which
the loudspeaker is modeled as a rigid piston in an infinite
baffle. The cap model can be used to predict the polar be-
havior of a loudspeaker cabinet. The presented method en-
ables one to solve the inverse problem of calculating the
actual velocity profile of the cap radiator using �measured�
on- and off-axis sound pressure data. This computed velocity
profile allows the extrapolation to far-field loudspeaker pres-
sure data, including off-axis behavior.
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APPENDIX A: ORTHOGONALITY OF C2�
0

From the definition in Eq. �15� and orthogonality of the
R2�

0 , as in Eq. �14�, it follows that

�
0

�0

C2�
0 ���C2k

0 ���sin �d�

= 4�
0

�0

R2�
0 � sin

1

2
�

sin
1

2
�0
R2k

0 � sin
1

2
�

sin
1

2
�0


	sin
1

2
�d�sin

1

2
��

=
2
�k

2� + 1
s0

2. �A1�

Here, s0=sin1
2�0, as in Eq. �16�, and the substitution �

=s0
−1 sin1

2� has been used so that Eq. �14� can be applied.

APPENDIX B: LARGE n BEHAVIOR OF THE TERMS
IN EQ. „36…

The large-n behavior of the terms in Eq. �35� is deter-
mined by the large-n behavior of the three factors

s0�R2n+1
2�+1�s0� − R2n−1

2�+1�s0��, Pn�cos ��,
hn

�2��kr�
hn

�2���kR�
. �B1�

Here, s0=sin1
2�0, r�R, and � is assumed to be fixed.

It follows from the definition of Rn
m in Eq. �23� and Ref.

34 �Thm. 8.21.12� that

s0�R2n+1
2�+1�s0� − R2n−1

2�+1�s0�� = �− 1�n−�� 1
2�0 tan1

2�0�1/2,

�
n+1J2�+1��n + 1��0� + 
nJ2�+1�n��� , �B2�

with absolute error of the order �0
1/2n−3/2. Here, J2�+1 is the

Bessel function of the first kind and of order 2�+1, and 0
�
n, 
n+1�1. It is assumed here that �0� �0,�� is not close

to �. When �0 is also not close to 0, it follows from the
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asymptotics of J2�+1�z� as z→�, see Ref. 30 �Chap. 9� that

s0�R2n+1
2�+1�s0� − R2n−1

2�+1�s0�� = O� 1
�n + 1

� �B3�

as n→�, with constant implied by the O-symbol of order
unity.

Next, by Ref. 34 �Thm. 8.21.6�,

Pn�cos �� = � �

sin �
�1/2

J0��n + 1/2��� , �B4�

as n→�, with absolute error of the order �1/2n−3/2. Here, �
� �0,�� is not close to �. Using that Pn�cos��−���
= �−1�nPn�cos ��, it is concluded from �J0�z���1 and the as-
ymptotics of J0�z� as z→�, see Ref. 30 �Chap. 9�, that

Pn�cos �� = O�1� and O� 1
�n + 1

� , �B5�

as n→�, and where �� �0,�� is arbitrary and �� �0,�� is
away from 0 and �, respectively. The constants implied by
the O-symbols in Eq. �B5� are of the order unity. Finally,
from Ref. 30 �Chap. 10�,

hn
�2��z� = i

1 · 3 ¯ �2n − 1�
zn+1 ,

hn
�2���z� = − �n + 1�i

1 · 3 ¯ �2n − 1�
zn+2 �B6�

as n→�, with relative errors of the order z2 /4n. Thus,

hn
�2��kr�

hn
�2���kR�

=
− kR

n + 1
�R

r
�n+1

, �B7�

as n→�, with relative error of the order �kr�2 /4n when r
�R.

From Eqs. �B3�, �B5�, and �B7�, the claims on the order
of magnitude of the terms in Eq. �35� for large n and fixed �
follow.

APPENDIX C: COMPUTATION OF Rn
m WITH LARGE n

The Rn
m��� are polynomials in � of degree n, given ex-

plicitly as

Rn
m��� = 	

s=0

p �n − s

p
��p

s
��− 1�s�n−2s, �C1�

where p= 1
2 �n−m�. This explicit form is for some software

awkward to use in computations for large n: when m=0, n
=40, loss-of-digits occurs in 15 decimal places. For m
=0,1 , . . . fixed, and M =0,1 , . . . fixed, the Rn

m can be com-
puted for n=m ,m+2, . . . ,m+2M in the form of a discrete
cosine transform as35

Rn
m��� =

1

N
	
k=0

N−1

Un�� cos
2�k

N
�cos

2�mk

N
, 0 � � � 1,

�C2�

where Un is the Chebyshev polynomial of degree n and of

the second kind, and N is any integer �2�m+M�.
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