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ABSTRACT
It has been argued that the sound radiation of a loudspeaker is modeled realistically by assuming the
loudspeaker cabinet to be a rigid sphere with a moving rigid spherical cap. Series expansions, valid in
the whole space on and outside the sphere, for the pressure due to a harmonically excited, flexible cap
with an axially symmetric velocity distribution are presented. The velocity profile is expanded in functions
orthogonal on the cap rather than on the whole sphere. This has the advantage that only a few expansion
coefficients are sufficient to accurately describe the velocity profile. An adaptation of the standard solution
of the Helmholtz equation to this particular parametrization is required. This is achieved by using recent
results on argument scaling in orthogonal Zernike polynomials. The efficacy of the approach is exemplified
by calculating various acoustical quantities with particular attention to certain velocity profiles that vanish
at the rim of the cap to a desired degree. These quantities are: the sound pressure, polar response, baffle-step
response, sound power, directivity, and acoustic center of the radiator. The associated inverse problem, in
which the velocity profile is estimated from pressure measurements around the sphere, is feasible as well since
the number of expansion coefficients to be estimated is limited. This is demonstrated with a simulation.
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1. INTRODUCTION
The sound radiation of a loudspeaker is commonly

modeled by assuming the loudspeaker cabinet to
be a rigid infinite baffle around a circularly sym-
metric membrane. Given a velocity distribution on
the membrane, the pressure in front of the baffle
due to a harmonic excitation is then described by
the Rayleigh integral [1] or by King’s integral [2].
These integrals have given rise to an impressive ar-
senal of analytic results and numerical methods to
determine the pressure and other acoustical quan-
tities in journal papers [3, 4, 5, 6, 7, 8, 9, 10, 11,
13, 14, 15, 16, 17, 12, 18, 19, 20, 21] and text-
books [22, 23, 24, 25, 26, 27, 28]. The results
thus obtained are in good correspondence with what
one finds, numerically or otherwise, when the loud-
speaker is modeled as being a finite-extent box-like
cabinet with a circular, vibrating membrane. Here
one should, however, limit attention to the region
in front of the loudspeaker and not too far from the
axis through the middle of and perpendicular to the
membrane. The validity of the infinite-baffle model
becomes questionable, or even nonsensical, on the
side region or behind the loudspeaker [26, p. 181].
An alternative model, with potential for more ade-
quately dealing with the latter regions, assumes the
loudspeaker to be a rigid sphere equipped with a
membrane in a spherical cap of the sphere.

It has been argued by Morse and Ingard [24, Sec.
7.2], that using the sphere as a simplified model
of a loudspeaker whose cabinet has roughly the
same width, height and depth, produces compara-
ble acoustical results as the true loudspeaker. This
is illustrated in Fig. 1, where the polar plots are
shown for (a) a real measured driver in a rectangu-
lar cabinet, (b) a rigid piston in an infinite baffle,
and (c) a rigid spherical cap in a rigid sphere. In
Sec. 2 this will be discussed in more detail, but it
can already be said that the plots clearly show that
the agreement between the polar plots of the loud-
speaker (a) and the spherical cap (c) is much larger
than between the plots of the loudspeaker (a) and
the piston (b). An application for the cap model is
that it can be used to predict the polar behavior of
a loudspeaker cabinet.

Modeling the loudspeaker as a flexible spherical cap
on a rigid sphere has the attractive feature that the
solution of the Helmholtz equation for the pressure
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Fig. 1: Polar plots of the SPL (10 dB/div.), f=
1 kHz (solid curve), 4 kHz (dotted curve), 8 kHz
(dashed-dotted curve), and 16 kHz (dashed curve),
corresponding for c = 340 m/s and a = 3.2 cm to
ka values: 0.591, 2.365, 4.731, 9.462. All curves are
normalized such that the SPL is 0 dB at θ=0. (a)
Loudspeaker radius a = 3.2 cm, measuring distance
r = 1 m) in rectangular cabinet, (b) Rigid piston (a
= 3.2 cm) in infinite baffle, (c) Rigid spherical cap
(aperture θ0 = π/8, sphere radius R = 8.2 cm, r
= 1 m, corresponding to kR values: 1.5154, 6.0614,
12.1229, 24.2457) using Eqs. (7) and (11). The pa-
rameters a, R, and θ0 are such—using Eq. (13)—
that the area of the piston and the cap are equal.
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is feasible in terms of spherical harmonics and spher-
ical Hankel functions, see Ref. [22, Ch.11.3], Ref. [23,
Ch. III, Sec. 6], Ref. [24, Ch. 7] and Ref. [25, Chs.
19–20]. In Ref. [7] there is a discussion on how the
polar cap model for sphere radius R → ∞ agrees
with the model that starts from the flat piston in an
infinite baffle. When the cap aperture θ approaches
π, the solution becomes that of the simple pulsat-
ing sphere. Hence, the polar-cap solution subsumes
the solutions of the two classic radiation problems.
The mathematical results in Ref. [7] comprise the
product kR in a crucial way. The authors of Ref. [7]
emphasize that, physically, the case that kR → ∞
with wave number k fixed and R → ∞ differs from
the case that kR → ∞ with both k → ∞, R → ∞.
This very same issue, for the case of a piston, has
been addressed by Rogers and Williams [4].

In the present paper, the velocity profile is as-
sumed to be axially symmetric but otherwise gen-
eral. It was shown by Frankort [29] that this is a
realistic assumption for loudspeakers, because their
cones mainly vibrate in a radially symmetric fash-
ion. These loudspeaker velocity profiles can be pa-
rameterized conveniently and efficiently in terms of
expansion coefficients relative to functions orthogo-
nal on the cap. Using the standard solution of the
Helmholtz equation with spherical boundary condi-
tions, a formula will be developed, explicitly involv-
ing these expansion coefficients, for the pressure at
any point on and outside the sphere.

In the next section (Sec. 2) a detailed overview of
the geometry and the basic formulas is given. In
Sec. 3 the forward computation scheme embodied by
the pivotal Eqs. (21)–(23) is discussed in some detail
for three particular applications, viz. the baffle step
(Sec. 3.1), a simple source on a sphere (Sec. 3.2),
and for the case that the cap velocity profile is a
Stenzel-type profile (Sec. 3.3). A Stenzel profile is a
certain type of smooth function of the elevation an-
gle that vanishes at the rim of the cap to any desired
degree. Section 4 provides the results for the power
and directivity. In Sec. 5 the low-frequency limit
for consideration of the acoustic center is discussed.
The developments in Secs. 4–5, that apply to general
symmetric velocity profiles, are illustrated using the
two standard examples occurring in literature, viz.
that of a uniformly moving cap in normal direction
and in axial direction. The inverse problem, in which

the expansion coefficients of the unknown profile are
estimated from the measured pressure that the ve-
locity profile gives rise to, is also feasible. This is
largely due to the fact that the expansion terms are
orthogonal and complete so that for smooth velocity
profiles only a few coefficients are required. Combin-
ing the inverse method with the forward computa-
tion scheme of Sec. 2, it is seen that one can predict
the acoustical quantities considered in Secs. 4–5 from
a limited amount of measured pressure data. In the
reverse direction, the inverse method can be used to
design a velocity profile so as to meet certain speci-
fications in the far field or near field of the radiator.
While the theory necessary to do so is discussed in
Sec. 6, this is not worked out further there. In Sec. 7
the extension of the methodology to non-axial sym-
metric profiles is briefly discussed. Finally, in Sec. 8
conclusions are presented.

2. BASIC FORMULAS
Assume a general velocity profile V (θ, ϕ) on a spher-
ical cap, given in spherical coordinates as

S0 = {(r, θ, ϕ) | r = R , 0 ≤ θ ≤ θ0 , 0 ≤ ϕ ≤ 2π} ,
(1)

with R the radius of the sphere with center at the
origin and θ0 the angle between the z−axis (eleva-
tion angle θ = 0) and any line passing through the
origin and a point on the rim of the cap. See Fig. 2
for the used geometry and notations. Thus it is as-
sumed that V vanishes outside S0. Furthermore, in
loudspeaker applications, the cap moves parallel to
the z-axis, and so V (θ, ϕ) will be identified with its
z-component, and has normal component

W (θ, ϕ) = V (θ, ϕ) cos θ . (2)

The average of this normal component over the cap,

1
AS0

∫∫
S0

W (θ, ϕ) sin θ dθ dϕ , (3)

is denoted by w0, where AS0 is the area of the
cap, see Eq. (12). Then the time-independent part
p(r, θ, ϕ) of the pressure due to a harmonic excita-
tion of the membrane is given by

p(r, θ, ϕ) =

−iρ0c
∑∞
n=−∞

∑n
m=−nWmn P

|m|
n (cos θ) h(2)

n (kr)

h
(2)′
n (kR)

eimϕ ,

(4)
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Fig. 2: Geometry and notations.

see Ref. [24, Ch. 7] or Ref. [25, Ch. 19] (Helmholtz
equation with spherical boundary conditions). Here
ρ0 is the density of the medium, c is the speed of
sound in the medium, k = ω/c is the wave number
and ω is the radial frequency of the applied excita-
tion, and r ≥ R, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π. Further-
more, P |m|n (cos θ)eimϕ is the spherical harmonic Y mn
in exponential notation (compare with Ref. [24, Sec.
7.2], where sine-cosine notation has been used), h(2)

n

is the spherical Hankel function, see Ref. [30, Ch.
10], of order n, and Wmn are the expansion coeffi-
cients of W (θ, ϕ), 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, relative
to the basis Y mn (θ, ϕ). Thus

W (θ, ϕ) =
∑∞
n=−∞

∑n
m=−nWmnP

|m|
n (cos θ)eimϕ

(5)
and

Wmn = n+1/2
2π

(n−|m|)!
(n+|m|)!∫ π

0

∫ 2π

0
W (θ, ϕ)P |m|n (cos θ)e−imϕ sin θ dθ dϕ ,

(6)
where it should be observed that the integration over
θ in Eq. (6) is in effect only over 0 ≤ θ ≤ θ0 since V
vanishes outside S0.

In the case of axially symmetric velocity profiles V
and W , written as V (θ) and W (θ), the right-hand

sides of Eqs. (4) and (6) become independent of ϕ
and simplify to [23, 24, 25]

p(r, θ, ϕ) = −iρ0c
∞∑
n=0

Wn Pn(cos θ)
h

(2)
n (kr)

h
(2)′
n (kR)

, (7)

and

W (θ) =
∞∑
n=0

WnPn(cos θ) (8)

with

Wn = (n+ 1/2)
∫ π

0

W (θ)Pn(cos θ) sin θ dθ , (9)

respectively, with Pn the Legendre polynomial of de-
gree n. The integration in Eq. (9) is actually over
0 ≤ θ ≤ θ0. Since loudspeaker cones mainly vibrate
in a radially symmetric fashion, almost all attention
in this paper is limited to axially symmetric velocity
profiles V and W . In Sec. 6 the generalization to
non-axial symmetric profiles is briefly considered.

The case that W is constant w0 on the cap S0 has
been treated in Ref. [23, Part III, Sec. 6], Ref. [24,
p. 343], and Ref. [25, Sec. 20.5], with the result that

Wn =
1
2
w0(Pn−1(cos θ0)− Pn+1(cos θ0)) . (10)

The pressure p is then obtained by inserting Wn into
Eq. (7). Similarly, the case that V is constant v0 on
S0 has been treated by Ref. [25, Sec. 20.6], with the
result that

Wn = 1
2v0{

n+1
2n+3 (Pn(cos θ0)− Pn+2(cos θ0))+
n

2n−1 (Pn−2(cos θ0)− Pn(cos θ0))} .
(11)

In Eqs. (10) and (11) the definition P−n−1 = Pn,
n = 0, 1, · · · , has been used to deal with the case
n = 0 in Eq. (10) and the cases n = 0, 1 in Eq. (11).
In Fig. 1 the resemblance is shown between the
polar plots of: a real driver in a rectangular cab-
inet (Fig. 1-a), a rigid piston in an infinite baf-
fle (Fig. 1-b), and a rigid spherical cap in a rigid
sphere (Fig. 1-c) using Eqs. (7) and (11). The driver
(vifa MG10SD09-08, a = 3.2 cm) was mounted in a
square side of a rectangular cabinet with dimensions
13x13x18.6 cm and measured on a turning table in
an anechoic room at 1 m distance.

The area of a spherical cap is equal to

AS0 = 4πR2 sin2(θ0/2). (12)
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If this area is chosen to be equal to the area of the
flat piston, there follows for the piston radius a that

a = 2R sin(θ0/2). (13)

The parameters used for Fig. 1 are a = 3.2 cm,
θ0 = π/8, R = 8.2 cm, are such—using Eq. (13)—
that the area of the piston and the cap are equal.
The radius R of the sphere is such that the sphere
and cabinet have comparable volumes, respectively
2.3 and 3.1 liters. If R is such that the sphere volume
is the same as that of the cabinet, and θ0 such that
the area of the piston and the cap are equal, one gets
R = 9.0873 cm and θ0 = 0.35399. The correspond-
ing polar plot—not shown here—is very similar to
Fig. 1-c, the deviations are about 1 dB or less. Ap-
parently, the actual value of the volume is of modest
influence. If we keep R fixed and change the cap
area by changing the aperture θ0 however, the influ-
ence can be significant. To illustrate this, polar plots
are shown in Fig. 3 for constant V , using Eqs. (7)
and (11). Figure 3 clearly shows that for increasing
aperture until, say, θ0 = π/2, the radiation becomes
more directive. However, in the limit case θ0 = π
there is only one non-zero Wn in Eqs. (10) and (11),
viz. Wn = δ0n for constant W and Wn = δ1n for
constant V (δ: Kronecker’s delta), respectively. In
the case of constant W this is a non-directive pul-
sating sphere. In the case of constant V we get

p(r, θ) = −iρ0c V cos θ
h

(2)
1 (kr)

h
(2)′

1 (kR)
, (14)

plotted in Fig. 4. This case is discussed in Ref. [27,
Sec. 4.-2] as the transversely oscillating rigid sphere.
It is readily seen that p(r, θ)/p(r, 0) = cos θ.

It should be noted that the Wn in Eqs. (10) and (11)
have poor decay, roughly like n−1/2, and this shows
that the representation of W through its Legendre
coefficients is highly inefficient. While poor decay of
Wn in Eq. (7) is not necessarily a problem for the
forward problem (where the pressure p is computed
from W using Eqs. (7) and (9)), it certainly is so
for the inverse problem. In the inverse problem, one
aims at estimating the velocity profileW (or V ) from
pressure measurements around the sphere. This can
be done, in principle, by adopting a matching ap-
proach in Eq. (7) in which the Wn are optimized
with respect to match of the measured pressure p
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Fig. 3: Polar plots of the SPL (10 dB/div.), f=
1 kHz (solid curve), 4 kHz (dotted curve), 8 kHz
(dashed-dotted curve), and 16 kHz (dashed curve),
Rigid spherical cap for various aperture θ0, (sphere
radius R = 8.2 cm, r = 1 m) using Eqs. (7) and (11).
All curves are normalized such that the SPL is 0 dB
at θ=0.
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Fig. 4: Polar plot for a sphere (θ0 = π) moving with
constant velocity V in the z-direction, using Eqs. (7)
and (11). In this case W1 = 1, Wn is equal to zero
for all values n 6= 1.

and the theoretical expression for p in Eq. (7) in-
volving the Wn. Even for the simplest case where
W is constant, it is seen from the poor decay of the
Wn and the poor decay of Pn(cos θ) that a very large
number of terms are required in the Legendre series
in Eq. (8).

In this paper a more efficient representation of W
is employed. This representation uses orthogonal
functions on the cap that are derived from Zernike
terms

R0
2`(ρ) = P`(2ρ2 − 1) , 0 ≤ ρ ≤ 1 , ` = 0, 1, · · · ,

(15)
that were also used in Refs.[18, 19, 20]. See, in par-
ticular, Ref. [20], Sec. 2 for motivation of this choice.
Because of the geometry of the spherical cap, a vari-
able transformation is required to pass from orthog-
onal functions R0

2` on the disk to orthogonal func-
tions on the cap. In Ref. [20], Appendix A, it is
shown that the functions

R0
2`

( sin 1
2θ

sin 1
2θ0

)
, 0 ≤ θ ≤ θ0 , ` = 0, 1, · · · , (16)

are orthogonal on the cap. With

θ = 2 arcsin(s0ρ) ; s0 = sin
1
2
θ0 , (17)

the inverse of the variable transformation used in
Eq. (16), it follows then by orthogonality of the

Zernike terms that

W (2 arcsin(s0ρ)) = w0

∞∑
`=0

u`R
0
2`(ρ) , 0 ≤ ρ ≤ 1 ,

(18)
where the expansion coefficients w0u` are given by

w0u` = 2(2`+ 1)
∫ 1

0

W (2 arcsin(s0ρ))R0
2`(ρ)ρdρ .

(19)
It is this parametrization ofW in terms of the expan-
sion coefficients u` that will be preferred in the se-
quel. This parametrization is obtained by ‘warping’
W according to Eq. (17) and expanding the warped
function as Eqs. (18)–(19) with s0 as in Eq. (17).

The efficiency of the representation in Eq. (18) is
apparent from the fact that a smooth profile W re-
quires only a limited number of coefficients u` of
relatively small amplitude yield an accurate approx-
imation of W (2 arcsin(s0ρ)). For instance, the con-
stant profile W = w0 on S0 is represented exactly by
only one term w0R

0
0(ρ) in the expansion in Eq. (18),

and the profile W = v0 cos θ, corresponding to the
case that V is constant v0 on S0, is represented ex-
actly by two terms v0[(1−s20)R0

0(ρ)−s20R0
2(ρ)]. More

complicated examples arise when V or W is a mul-
tiple of the Stenzel profile

(n+ 1)
(cos θ − cos θ0

1− cos θ0

)n
, (20)

and these require n + 1 terms in the representation
in Eq. (18). These profiles vanish at the rim of S0

to degree n and are considered in Sec. 3.3 and 6 to
illustrate the methods developed in this paper.

It it shown [20] that the expansion in Eq. (18) gives
rise to a series expression for the pressure p in the
whole space outside and on the sphere. The main
result is that for r ≥ R, θ ∈ [0, π] and ϕ ∈ [0, 2π]

p(r, θ, ϕ) = −iρ0cw0

∞∑
`=0

u`S`(r, θ) , (21)

where

S`(r, θ) =
∞∑
n=`

(−1)ns0(R2`+1
2n+1(s0)−R2`+1

2n−1(s0))Pn(cos θ) h(2)
n (kr)

h
(2)′
n (kR)

,

(22)
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in which

Rmn (ρ) = ρmP
(0,m)
n−m

2
(2ρ2 − 1) , (23)

for integer n,m ≥ 0 with n − m even and ≥ 0
(Rmn ≡ 0 otherwise) with P

(α,β)
k (x) the general Ja-

cobi polynomial [30]. These polynomials Rmn (ρ)
are called Zernike polynomials in optics [32, 33]
and they were introduced recently in acoustics as
well [18]. This main result provides the generaliza-
tion of the forward computation scheme in Eqs. (7),
(10), (11) to general axially symmetric velocity pro-
filesW . Furthermore, it provides the basis for the in-
verse problem, in which the expansion coefficients u`
are estimated from measured pressure data around
the sphere by adopting a best match approach in
Eq. (21). From these estimated coefficients an es-
timate of W can be made on basis of Eq. (18).
The matter of convergence of the series in Eq. (22)
and some computational issues are addressed else-
where [20]. An alternative way [20] to calculate the
pressure p(r, θ) is by using Eq. (7), where the Wn

are now given by

Wn = (−1)ns0w0

n∑
`=0

(R2`+1
2n+1(s0)−R2`+1

2n−1(s0))u` ,

(24)
rather than Eq. (9). This is particularly interesting
for the forward computation scheme with velocity
profiles that vanish smoothly at the rim of the cap
as these require only a limited number of terms in
Eq. (7).

3. APPLICATIONS OF THE MAIN RESULT
In this section the main result in Eqs. (21)–(23) is il-
lustrated by considering three applications, viz. the
baffle step, simple source on a sphere, and Stenzel
velocity profiles.

3.1. Special case baffle step
At low frequencies the baffle of a loudspeaker is

small compared to its wavelength and radiates due
to diffraction effects in the full space (4π-field). At
those low frequencies the radiator does not benefit
from the baffle in terms of gain. At high frequen-
cies the loudspeaker benefits from the baffle which
yields a gain of 6 dB. This transition is the well-
known baffle step. The center frequency of this
transition depends on the size of the baffle. Ol-
son [31] has documented this for twelve different

loudspeaker enclosures, including the sphere, cylin-
der, and rectangular parallelepiped. All those twelve
enclosures share the common feature of increasing
gain by about 6 dB when the frequency is increased
from low to high. The exact shape of this step de-
pends on the particular enclosure. For spheres the
transition is smoothest, while for other shapes undu-
lations are manifest, in particular for cabinets with
edgy boundaries. In Fig. 5 the baffle step is shown
for a polar cap (θ0 = π/8) on a sphere of radius
R=0.082 m using Eqs. (7) and (11), for different ob-
servation angles θ = 0 (solid curve), θ = π/9 (dot-
ted curve), θ = 2π/9 (dashed-dotted curve), and
θ = 3π/9 (dashed curve). Compare the curves of
Fig. 5 with the measurements using the experimen-
tal loudspeaker discussed in Sec. 2. It appears that
there is a good resemblance between the measured
frequency response of the experimental loudspeaker.
The undulations, e.g., for θ = 3π/9 (dashed curve)
at 7.4, 10, and 13.4 kHz correspond well. Although
these undulations are often attributed to the non-
rigid cone movement of the driver itself, our pictures
show that it is mainly a diffraction effect. Further-
more, it can be observed that even on-axis (θ = 0)
there is a gradual decrease of SPL at frequencies
above about 10 kHz. It can be shown from the
asymptotics of the spherical Hankel functions that
for θ = 0, k → ∞, and r � R, the sound pressure
p(r, θ) given by Eq. (21) decays at least as O(k−1/3).
This is in contrast with a flat piston in an infinite
baffle. There, the on-axis pressure does not decay.
This is discussed further at the end of Sec. 4.1.

3.2. Special case W is a simple source on S0

If the polar cap aperture θ0 decreases towards 0,
the cap acts as a simple source. It follows from
Eqs. (21)–(23) and by proper normalization by the
cap area AS0 , using Eq. (12), and the definition of
w0 in Eq. (3), that

p(r, θ, ϕ) = −iρ0cw0

∞∑
n=0

(2n+1)Pn(cos θ)
h

(2)
n (kr)

h
(2)′
n (kR)

.

(25)

In Fig. 6 the corresponding polar plot is illustrated,
where the same sphere radius and frequencies are
used as in Fig. 1-c. It appears that the difference
between the response at θ=0 and π is not large, es-
pecially for low frequencies. This is discussed further
in Sec. 5 with regard to the acoustic center.
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Fig. 5: (a) Baffle step of a polar cap (θ0 = π/8) on
a sphere of radius R =0.082 m, θ = 0 (solid curve),
θ = π/9 (dotted curve), θ = 2π/9 (dashed-dotted
curve), and θ = 3π/9 (dashed curve), at distance
r = 1 m, using Eqs. (21)–(23). All curves are nor-
malized such that the SPL is 0 dB at 100 Hz. (b)
Frequency response of a driver (same as Fig. 1-a,
a = 3.2 cm) mounted in a square side of a rectangu-
lar cabinet with dimensions 13x13x18.6 cm, where
the parameter is the observation angle θ. The loud-
speaker was measured in an anechoic room at 1 m
distance. The on-axis response was normalized to
0 dB at 200 Hz, the other curves were normalized
by the same amount.
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Fig. 6: Polar plots of the SPL (10 dB/div.) of a
simple source on a sphere of radius R =0.082 m.
Frequency f = 1 kHz (solid curve), 4 kHz (dotted
curve), 8 kHz (dashed-dotted curve), and 16 kHz
(dashed curve), at distance r = 1 m, using Eqs. (25).
All curves are normalized such that the SPL is 0 dB
at θ=0.

3.3. Stenzel-type profiles and forward computa-
tion
Consider the profile

V (K)(θ) = v
(K)
0 (K+1)

(cos θ − cos θ0
1− cos θ0

)K
, 0 ≤ θ ≤ θ0 ,

(26)
with V (K)(θ) = 0 for θ0 < θ ≤ π (as usual), K =
0, 1, · · · . Then a simple computation shows that

V (K)(2 arcsin(s0ρ)) = v
(K)
0 (K+1)(1−ρ2)K , 0 ≤ ρ ≤ 1 .

(27)
The right-hand side of Eq. (27) is the Stenzel profile,
considered extensively in Ref. [18]. Thus

V (K)(2 arcsin(s0ρ)) = v
(K)
0

K∑
`=0

q
(K)
` R0

2`(ρ) , 0 ≤ ρ ≤ 1 ,

(28)
where

q
(K)
` = (K + 1)(−1)`

2`+ 1
`+ 1

(
K
`

)
(
K + `+ 1

K

) ,
` = 0, 1, · · · ,K .

(29)
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From

W (K)(θ) = V (K)(θ) cos θ =
K+1
K+2 (1− cos θ0)V (K+1)(θ) + (cos θ0)V (K)(θ) ,

(30)
it follows that

W (K)(2 arcsin(s0ρ)) = w
(K)
0

K+1∑
`=0

u
(K)
` R0

2`(ρ) ,

0 ≤ ρ ≤ 1 ,
(31)

where
w

(K)
0 =

K + 1 + cos θ0
K + 2

v
(K)
0 , (32)

and, for ` = 0, 1, · · · ,K + 1 ,

u
(K)
` =

v
(K)
0

w
(K)
0

[K + 1
K + 2

(1−cos θ0)q(K+1)
` +(cos θ0)q(K)

`

]
.

(33)
Thus one can compute the pressure using the formu-
las in Eqs. (21)–(23) with u` = u

(K)
` .

0.1 0.2 0.3 0.4
Θ

1

2

3

4
W HKL

Fig. 7: Stenzel profiles for K=0 (solid curve), K=1
(dotted curve), K=2 (dashed-dotted curve), and
K=3 (dashed curve), using Eqs. (26) and (30) and
θ0 = π/8.
In Fig. 7 Stenzel profiles are plotted for K=0 (solid
curve), K=1 (dotted curve), K=2 (dashed-dotted
curve), and K=3 (dashed curve). In Fig. 8 polar
plots are displayed of the SPL (10 dB/div.) of a
spherical cap (θ0 = π/8, R = 8.2 cm, r = 1 m)
with various Stenzel velocity profiles, K=0 (solid
curve), K=1 (dotted curve), K=2 (dashed-dotted

curve), and K=3 (dashed curve), (a) f = 4 kHz, (b)
f = 8 kHz. It appears that the difference between
the various velocity profiles are more pronounced
at higher frequencies. Also, the cap becomes less
directive for higher K values because in the limit
K → ∞ it would behave like a simple source on a
sphere. Furthermore, it appears that the solid curves
(K = 0) for (a) f = 4 kHz and (b) f = 8 kHz are
the same as the dotted and dashed-dotted curves,
respectively in Fig. 1-c. Note that Figs. 1-c and 8
were produced using two different sets of formulas,
viz. Eqs. (7) and (11) for Fig. 1-c and Eqs. (21)
and (33) for Fig. 8, and that they yield the same
plots.

4. POWER AND DIRECTIVITY
The power is defined as the intensity pv∗ integrated

over the sphere Sr of radius r ≥ R,

P =
∫
Sr

pv∗dSr , (34)

where p and v are the pressure and velocity at an
arbitrary point on the sphere. Using Eq. (7) for the
pressure and

v =
−1
ikρ0c

∂p

∂n
(35)

we get

v(r, θ, ϕ) =
∞∑
n=0

Wn Pn(cos θ)
h

(2)′

n (kr)

h
(2)′
n (kR)

. (36)

By the orthogonality of the Legendre polynomials it
follows that

P =
∫
Sr
pv∗dSr = 2π

∫ π
0
p(r, θ)v∗(r, θ)r2 sin θdθ =

−iρ0c
∑∞
n=0

|Wn|2
n+1/2

2πr2h(2)′
n (kr)(h(2)′

n (kr))∗

|h(2)′
n (kR)|2

.

(37)
Using Ref. [30], Eq. 10.1.6,

W{jn(z), yn(z)} = jn(z)y′n(z)− j′n(z)yn(z) =
1
z2
,

(38)
where W in Eq. (38) denotes the Wronskian, we get

<[P ] =
2πρ0c

k2

∞∑
n=0

|Wn|2

(n+ 1/2)|h(2)′
n (kR)|2

. (39)

Note that Eq. (39) has been derived without us-
ing any (near-field or far-field) approximation. The
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Fig. 8: Polar plots of the SPL (10 dB/div.) of a
spherical cap (θ0 = π/8, R = 8.2 cm, r = 1 m) with
various Stenzel velocity profiles, K=0 (solid curve),
K=1 (dotted curve), K=2 (dashed-dotted curve),
and K=3 (dashed curve). (a) f = 4 kHz, (b) f =
8 kHz. All curves are normalized such that the SPL
is 0 dB at θ=0.

real part of the acoustical power is independent of
r, which is in accordance with the conservation of
power law. For low frequencies Eq. (39) is approxi-
mated as

<[P ] = 4πρ0cW
2
0 k

2R4 . (40)

To illustrate Eq. (39), the normalized power
<[P ]

2πρ0cv20R
2 is plotted in Fig. 9, where a cap with

various apertures, θ0 = 5π/32 (solid curve), θ0 =
π/8 (dotted curve), and θ0 = π/10 (dashed-dotted
curve) is moving with a constant velocity v0 (using
Eq. (10)).

5 10 15 20
kR

0.001

0.002

0.003

0.004

0.005

0.006

0.007
ReHPL

Fig. 9: The power <[P ]
2πρ0cv20R

2 of a rigid spherical
cap moving with a constant velocity v0 and various
apertures, θ0 = 5π/32 (solid curve), θ0 = π/8 (dot-
ted curve), and θ0 = π/10 (dashed-dotted curve),
sphere radius R = 8.2 cm using Eqs. (10) and (39).

Next, we compare the calculated power with the
power measured in a reverberation room using the
experimental loudspeaker discussed in Sec. 2. Here
we assumed the pole cap moving with a constant
acceleration (a0 = ikcv0)—corresponding with a fre-
quency independent current of a constant amplitude
through the loudspeaker. Figure 10 shows plots of
the calculated power for a rigid spherical cap mov-
ing with a constant acceleration and various aper-
tures, θ0 = 5π/32 (solid curve), θ0 = π/8 (dot-
ted curve), and θ0 = π/10 (dashed-dotted curve),
together with the power obtained from the mea-
sured loudspeaker (dashed-irregular curve). It ap-
pears that the calculated power for θ0 = π/8 (dot-
ted curve) and the power from the measured loud-
speaker (dashed-irregular curve) are quite similar,
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Fig. 10: The power <[P ]c
2πρ0a2

0R
4 [dB] vs. kR (log. axis)

of a rigid spherical cap moving with a constant ac-
celeration and various apertures, θ0 = 5π/32 (solid
curve), θ0 = π/8 (dotted curve), and θ0 = π/10
(dashed-dotted curve), sphere radius R = 8.2 cm
using Eqs. (10) and (39), together with power from
the measured loudspeaker (dashed-irregular curve).
The logarithmic horizontal axis runs from kR=0.1–
20, corresponding to a frequency range from 66 Hz–
13.2 kHz.

while there was no special effort done to obtain a
best fit. A slightly larger aperture than the ‘round’
value θ0 = π/8, which we use in many examples
in the paper, would have resulted in a better fit.
The low-frequency behavior of Fig. 10 follows di-
rectly by multiplying Eq. (40) with 1/(kc)2 because
of the constant acceleration of the cap.

4.1. Directivity
The far-field pressure can be calculated by substi-

tuting the asymptotic value [30, Ch. 10]

h(2)
n (kr) ≈ in+1 e−ikr

kr
(41)

in Eq. (7), which leads to

p(r, θ) ≈ ρ0c
e−ikr

kr

∞∑
n=0

inWn

h
(2)′
n (kR)

Pn(cos θ) . (42)

In Kinsler et al. [26, Sec. 8.9], the far-field relation
is written as

p(r, θ, ϕ) = pax(r)H(θ, ϕ), (43)

in which pax(r) is the pressure at θ = 0, and H(θ, ϕ)
is dimensionless with H(0, 0)=1. Since there is no ϕ
dependence, we delete it. This leads to

pax(r) = ρ0c
e−ikr

kr

∞∑
n=0

inWn

h
(2)′
n (kR)

, (44)

and

H(θ) =
p(r, θ)
pax(r)

=

∑∞
n=0

inWn

h
(2)′
n (kR)

Pn(cos θ)∑∞
n=0

inWn

h
(2)′
n (kR)

. (45)

The total radiated power Π in the far field follows
from Eq. (34) and the far-field relation v = p/(ρ0c)
as

Π =
∫
Sr

1
ρ0c
|p|2dSr =

1
ρ0c
|pax(r)|2r2

∫ 2π

0

∫ π
0
|H(θ, ϕ)|2 sin θ dθ dϕ .

(46)

For a simple (non-directive) source at the origin to
yield the same acoustical power on Sr, the pressure
ps should satisfy

Π =
1
ρ0c

4πr2|ps(r)|2 . (47)
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Therefore, the directivity defined as

D = |pax(r)|2/|ps(r)|2 , (48)

follows from Eqs. (46) and (47), using the orthogo-
nality of the Legendre polynomials, as

D =
2|
∑∞
n=0

in+1Wn

h
(2)′
n (kR)

|2∑∞
n=0

|Wn|2

(n+1/2)|h(2)′
n (kR)|2

. (49)

The directivity index DI = 10 log10D [dB] vs. kR
is plotted in Fig. 11. For comparison the directivity

Drp =
(ka)2

1− J1(2ka)/ka
(50)

of a rigid piston in an infinite baffle [26] is plotted in
Fig. 11 (with ka = kR/2.5, so that the π/8-cap and
piston have the same area), as the light-long-dashed
curve starting at 3 dB. At low frequencies the di-
rectivity Drp is 3 dB because the piston is radiating
in the 2π-field, while the caps are radiating in the
4π-field. At higher frequencies the curve almost co-
incides with the dotted curve which corresponds to
the θ0 = π/8 cap.

Now consider the case that kR → ∞. Then using
h

(2)′

n (kR) ≈ ine−ikR/kR , it follows that D is ap-
proximated by

D ≈
2|
∑∞
n=0Wn|2∑∞

n=0
|Wn|2

(n+1/2)

=
2|W (θ = 0)|2∫ π

0
|W (θ)|2 sin θdθ

, (51)

or, in words, by the ratio of |W (θ = 0)|2 and the
average value of |W (θ)|2 over the sphere. Equa-
tions (49) and (51) show that the directivity—which
is a typical far-field acoustical quantity—is fully de-
termined in a simple manner by the velocity pro-
file of the pole cap, which can be easily derived
from measurements, e.g., with a laser-Doppler me-
ter. This procedure is not elaborated here. A simi-
lar result was obtained for a flexible radiator in an
infinite flat baffle [19]. In the flat baffle case the
directivity increases with (ka)2. For the cap case,
there is indeed an initial increase with (kR)2, but
at very high frequencies, there is a decrease of the
directivity. These high frequencies are in most cases
out of the audio range, but may be of importance for
ultrasonics. The deviation of the (kR)2-behavior ap-
pears in Fig. 11 for θ0 as low as 5π/32 (solid curve).

0.2 0.5 1. 2. 5. 10. 20.
kR

5

10

15

20
DI

Fig. 11: The directivity index DI = 10 log10D
[dB] vs. kR (log. axis) of a rigid spherical cap
with various apertures, θ0 = 5π/32 (solid curve),
θ0 = π/8 (dotted curve), and θ0 = π/10 (dashed-
dotted curve), and sphere radius R = 8.2 cm us-
ing Eqs. (10) and (49). The light-long-dashed curve
starting at 3 dB is the directivity for a rigid piston
in an infinite baffle, using Eq. (50). The logarithmic
horizontal axis runs from kR=0.1–25, corresponding
to a frequency range from 66 Hz–16.5 kHz.

This effect may seem counterintuitive or even non-
physical, however, the on-axis (θ = 0) pressure de-
creases for high frequencies as well (see Fig. 5). This
will decrease the numerator in Eq. (48) of the direc-
tivity. This effect does not occur with a piston in an
infinite baffle, which has a constant, non-decreasing
on-axis sound pressure, but a narrowing beam width.

5. THE ACOUSTIC CENTER
The acoustic center of a reciprocal transducer can

be defined as the point from which spherical waves
seem to be diverging when the transducer is act-
ing as a source. There are more definitions, how-
ever, see Ref. [34] for an overview and discussion.
This concept is mainly used for microphones. Re-
cently, the acoustic center was elaborated [35] for
normal sealed-box loudspeakers as a particular point
that acts as the origin of the low-frequency radiation
of the loudspeaker. At low frequencies, the radia-
tion from such a loudspeaker becomes simpler as the
wavelength of the sound becomes larger relative to
the enclosure dimensions, and the system behaves
externally as a simple source (point source). The
difference from the origin to the true acoustic center
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is denoted as ∆. If p(r, 0) and p(r, π) are the sound
pressure in front and at the back of the source, re-
spectively, then ∆ follows from

|p(r, 0)|
r + ∆

=
|p(r, π)|
r −∆

, (52)

as

∆ = r
|q| − 1
|q|+ 1

, (53)

where
q = p(r, 0)/p(r, π). (54)

The pole-cap model is used to calculate the func-

æ
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Fig. 12: The function 20 log10 |q| [dB] vs. kR (log.
axis) given by Eq. (54) of a rigid spherical cap with
various apertures, θ0 = 5π/32 (solid curve), θ0 =
π/8 (dotted curve), and θ0 = π/10 (dashed-dotted
curve), using Eqs. (7) and (11), and a simple source
on a sphere using Eq. (25) (dashed curve), all at r =
1 m and sphere radius R = 8.2 cm. The solid circles
are from a real driver (same as Fig. 1-a, a = 3.2 cm)
mounted in a square side of a rectangular cabinet.
The logarithmic horizontal axis runs from kR=0.02–
30, corresponding to a frequency range from 13 Hz–
19.8 kHz.

tion q via Eq. (7), see Fig. 12. Subsequently, this
model is used to compute the acoustic center with
Eq. (53). Assume that kR � 1 and R/r � 1, and
also that Wn is real with Wn of at most the same
order of magnitude as W0. Then two terms of the
series in Eq. (7) are sufficient, and using Pn(1) = 1
and Pn(−1) = (−1)n, q can be written as

q ≈
(
W0

h
(2)
0 (kr)

h
(2)′
0 (kR)

+W1
h
(2)
1 (kr)

h
(2)′
1 (kR)

)/
(
W0

h
(2)
0 (kr)

h
(2)′
0 (kR)

−W1
h
(2)
1 (kr)

h
(2)′
1 (kR)

)
.

(55)

Because kR� 1, the small argument approximation
of the spherical Hankel functions

h
(2)′

0 (z) ≈ −i
z2
, h

(2)′

1 (z) ≈ −2i
z3

, (56)

can be used, and together with the identity

h
(2)
1 (kr)

h
(2)
0 (kr)

=
1
kr

(1 + ikr) , (57)

we get

q ≈
(

1 +
W1

2W0
(1 + ikr)

R

r

)/(
1− W1

2W0
(1 + ikr)

R

r

)
.

(58)
By our assumptions we have | W1

2W0
(1 + ikr)Rr | � 1

and so
q ≈ 1 +

W1

W0

R

r
(1 + ikr) . (59)

Finally, assuming that (kr)2 � 2|W0
W1
| rR , there holds

|q| ≈ 1 +
W1

W0

R

r
, (60)

and if W1R
W0r

� 1 there holds

ϕq = arg q ≈ arctan
W1

W0

ωR

c
, (61)

where it has been used that W1/W0 is real and k =
ω/c. Substitution of Eq. (60) into Eq. (53) results
in

∆ ≈ R W1

2 W0
. (62)

Note that this result is real, independent of k and
r, and only mild assumptions were used. The delay
between the front and at the back of the source is
equal to τ = dϕq/dω. Using Eqs. (61) and (62), and
assuming kR� W0

W1
we get

τ ≈ 2∆
c
. (63)

For the case W is constant the Wn follow from
Eq. (10) resulting in

∆ ≈ 3
4
R(1 + cos θ0) . (64)

If θ0 = π and W is constant, the radiator is a pulsat-
ing sphere, and has according to Eq. (64) its acous-
tical center at the origin. For the case V is constant
the Wn follow from Eq. (11) resulting in

∆ ≈ R
(

cos θ0 +
1

1 + cos θ0

)
. (65)

AES 128th Convention, London, UK, 2010 May 22–25

Page 13 of 18



Aarts AND Janssen Modeling a loudspeaker as a flexible spherical cap on a rigid sphere

If θ0 = π and V is constant, the notion of acoustical
center does not make sense, because of the notches
in the polar plot at low frequencies, see Fig. 4.
The absolute error in the approximation of ∆/R by
Eq. (65) (for f=1 Hz, R=8.2 cm, r=100 m, and
0 ≤ θ0 ≤ π/2) is < 5 10−7. Figure 12 shows that
for that case the low-frequency asymptote is flat to
about kR = 0.4 corresponding to 264 Hz. Hence
the approximation of ∆/R by Eq. (65) is rather ac-
curate up to this frequency. The relative acoustic
center difference ∆/R vs. θ0 is plotted in Fig. 13
for W is constant (solid curve) and V is constant
(dotted curve), using Eqs. (64) and (65), respec-
tively. Note that ∆/R=3/2 for θ0 = 0 in both cases
that V and W are constant. This agrees with what
would be given by the simple source on a sphere,
see Sec. 3.2. This follows also from Eq. (25): we
have W0=1 and W1=3, and by Eq. (62) we obtain
∆/R=3/2. This is for low frequencies also shown
in Ref. [34, Fig. 3, Eqs. 18–19]. Further, it appears
that for modest apertures, say θ0 ≤ 0.5 the difference
between the right-hand sides of Eqs. (64) and (65)
is very small and is of O(θ40). From this we may
conclude that—at low frequencies (kR ≤ 0.4)—the
acoustic center for a loudspeaker lies about 0–0.5 R
in front of the loudspeaker, where R is the radius in
the case of a spherical cabinet, or some other dimen-
sional measure of the cabinet. At higher frequencies
the acoustic center shifts further away from the loud-
speaker. For example between kR=1 (660 Hz) and
kR=2 (1.32 kHz), q is about 5 dB (see Fig. 12) cor-
responding (using Eq. (53)) to ∆ = 3.4R = 28 cm.

0.0 0.5 1.0 1.5
Θ0

0.8

1.0

1.2

1.4

D

R

Fig. 13: The relative acoustic center difference ∆/R
vs. θ0 using Eq. (64) for W is constant (solid curve)
and using Eq. (65) for V is constant (dotted curve).

The polar response |p(r, θ)/p(r, 0)| at low frequencies

can be computed in a similar way as q in Eq. (58).
The minus sign in the denominator at the right-hand
side of Eq. (58) is due to P1(cosπ) = −1. Using now
P1(cos θ) = cos θ and interchanging the numerator
and denominator of Eq. (58) yields

p(r, θ)
p(r, 0)

≈(
1 +

W1

2W0
(1 + ikr)

R

r
cos θ

)/(
1 +

W1

2W0
(1 + ikr)

R

r

)
.

(66)

Assuming that (kr)2 � 2|W0
W1
| rR , Eq. (66) can be

approximated by∣∣∣p(r, θ)
p(r, 0)

∣∣∣ ≈ 1 + (cos θ − 1)
W1

2W0

R

r
. (67)

Equation (67) clearly shows that the deviation from
omni-directional radiation is proportional to the
ratios W1/2W0 and R/r, while it is independent
of the frequency for low frequencies. For fixed
W1/2W0 and R/r the polar pattern is not truly
omni-directional at low frequencies. This is because
the acoustic center does not coincide with the origin
in general .

6. INVERSE PROBLEM
The Eqs. (21)–(23) show how to compute the pres-

sure in the space r ≥ R due to a harmonically
excited (wave number k) membrane on the spher-
ical cap 0 ≤ θ ≤ θ0 with a known radial compo-
nent W of a velocity profile. In the reverse direc-
tion, the Eqs. (21)–(23) can serve as the basis for
a method for estimating W from measurements of
the pressure p in the space r ≥ R that W gives rise
to. This yields a method for far-field loudspeaker
assessment from near-field data (generalized Keele
scheme) see [18] where this was applied to predict
far-field sound pressure data from near-field mea-
sured pressure data. Because the pressure data can
be collected in the (relative) near-field of a loud-
speaker, this avoids the use of anechoic rooms that
would be necessary if the far-field were to be assessed
directly. The profile W can usually be estimated
accurately by a limited number of expansion coef-
ficients u` in Eq. (18), and these can be estimated
by taking a matching approach in Eq. (22) in which
the u` are chosen such that they optimize the match
between the measured pressure and the theoretical
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expression involving the u` at the right-hand side of
Eq. (22). Given measurements, see Fig. 1,

p̂j = p̂j(Pj) , Pj = rj(cosϕj sin θj , sinϕj sin θj , cos θj) ,
(68)

where j = 0, 1, · · · , J, the numbers d`, ` =
0, 1, · · · , L, are chosen such that

J∑
j=0

|p̂j −
L∑
`=0

d`S`(rj , θj)|2 sin θj , (69)

is minimal. The solution of this minimization prob-
lem can be obtained by standard linear algebra
methods. Then w0 , u` , ` = 0, 1, · · · , L are estimated
by setting

d0 = −iρ0cw0 , u` = d`/d0 , ` = 0, 1, · · · , L . (70)

There are various questions that arise in connection
with the above optimization problem, such as num-
ber and choice of the measurement points Pj , choice
of L, condition of the linear systems that occur, in-
fluence of noise and of systematic errors (such as in-
correct setting of R and/or θ0), etc. It is out of the
scope of the present paper to address any of these
issues in detail. Instead, one representative simula-
tion example is given.

Simulation example
Take R = 8.2 cm, θ0 = π/4, k = ω/c = 2πf/c with
c = 340 m/s, f= 4 kHz, so that kR = 6. The mea-
surement points Pj(rj , θj , ϕj) are taken in the form

R 2j1/J1 = r(j1) ,
π(j2 − 1

2 )
J2

= θ(j2) ,

2π(j3 − 1
2 )

J3
= ϕ(j3) ,

(71)

with j1 = 1, · · · , J1 = 4; j2 = 1, · · · , J2 = 6; j3 =
1, · · · , J3 = 6. Such a set of measurement points
yields a convenient implementation of the solution
of the optimization problem but does not need to be
optimal in any other respect (not aimed at here, as
said). The profile W is chosen to be

W (K)(θ) = V (K)(θ) cos θ , 0 ≤ θ ≤ θ0 , (72)

where V (K)(θ) is the Kth Stenzel-type profile as in
Sec. 3.3 (see Eqs. (26), (30)), and K = 2. We require

for this example v0 = v
(K)
0 = 1 m/s, and by Eqs. (32)

and (33) we get respectively w0 = w
(K)
0 and

u
(K)
` =

K + 2
K + 1 + cos θ0

[K + 1
K + 2

(1− cos θ0)q(K+1)
` +

(cos θ0)q(K)
`

]
.

(73)

Using q
(K+1)
` , q(K)

` given by Eq. (29), the pressure
p is computed in accordance with Eq. (21) with
u` = u

(K)
` . Measurements p̂j are obtained in simula-

tion by adding complex white noise (SNR= 40 dB)
to the computed p(Pj). The non-zero coefficients
of W (K) are estimated by taking L = K + 1 in
the optimization problem, and this yields estimates
ŵ0, û0, · · · , ûK+1 of w0, u0, · · · , uK+1. Figure 14
for the case K=2 shows the Stenzel profile W (K)

of Eq. (72) using Eq. (20) directly (solid curve) to-
gether with the reconstructed profiles

Ŵ (K)(θ) = ŵ
(K)
0

K+1∑
`=0

û`R
0
2`

( sin 1
2θ

sin 1
2θ0

)
, 0 ≤ θ ≤ θ0 ,

(74)
without noise (dotted curve) and with noise (dashed-
dotted curve) added to the pressure points p̂j . The
recovered û` are computed by solving Eq. (69) and
using Eqs. (70), (31), and Eqs.(16)–(18). Figure 14
shows that the (noiseless) reconstructed profile (dot-
ted curve) coincides with the Stenzel profile (solid
curve), and that the recovered profile using the noisy
pressure points (dashed-dotted curve) is very simi-
lar to the other two curves. The method appears to
be robust for noise contamination. Figure 15 shows
the corresponding polar plot of the velocity profile
of Fig. 14. The solid curve in Fig. 15 is for the near
field (r = 0.0975 m) and the dotted curve for the
far- field (r = 1 m). It appears that the near field is
more directive than the far field.

7. EXTENSION TO NON-AXIALLY SYMMET-
RIC PROFILES
Loudspeaker membranes vibrate mainly in a ra-

dially symmetric fashion, in particular at low fre-
quencies. At higher frequencies, break-up behav-
ior can become manifest, and then it may be nec-
essary to consider non-radially symmetric profiles.
In the present context, where a loudspeaker is mod-
eled as consisting of a rigid spherical cabinet with a
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Fig. 14: Stenzel profile W (K)/(K + 1) (K = 2 and
θ0 = π/4) of Eq. (72) using Eq. (20) directly (solid
curve) together with the reconstructed profiles Ŵ (K)

without noise (dotted curve) and with noise added
to the pressure points p̂j (dashed-dotted curve). The
(noiseless) reconstructed profile (dotted curve) coin-
cides with the input profile (solid curve).
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Fig. 15: Polar plots (10 dB/div.) in the near field
(solid curve, r = 0.0975 m) and in the far field (dot-
ted curve, r = 1 m), corresponding to the parameters
of the simulation example and the velocity profile of
Fig. 14. All curves are normalized such that the SPL
is 0 dB at θ=0.

flexible spherical cap, this requires consideration of
non-axially symmetric velocity profiles V (θ, ϕ) and
W (θ, ϕ) on S0. This is beyond the scope of the
present paper and is discussed elsewhere [20].

8. CONCLUSIONS
Appropriately warped Legendre polynomials pro-

vide an efficient and robust method to describe ve-
locity profiles of a flexible spherical cap on a rigid
sphere. Only a few coefficients are necessary to ap-
proximate various velocity profiles. The polar plot
of a rigid spherical cap on a rigid sphere has been
shown to be quite similar to that of a real loud-
speaker, and is useful in the full 4π-field. The
spherical-cap model yields polar plots that exhibit
good full range similarity with the polar plots from
real loudspeakers. It thus outperforms the more con-
ventional model in which the loudspeaker is modeled
as a rigid piston in an infinite baffle. The cap model
can be used to predict, besides polar plots, various
other acoustical quantities of a loudspeaker. These
quantities include the sound pressure, baffle-step re-
sponse, sound power, directivity, and the acoustic
center. At low frequencies (kR ≤ 0.4) the acoustic
center for a loudspeaker lies about 0–0.5 R in front
of the loudspeaker, where R is the radius in the case
of a spherical cabinet, or some other dimensional
measure of the cabinet. At higher frequencies the
acoustic center shifts further away from the loud-
speaker. The method presented herein enables one
to solve the inverse problem of calculating the actual
velocity profile of the cap radiator using (measured)
on- and off-axis sound pressure data. This computed
velocity profile allows the extrapolation to far-field
loudspeaker pressure data, including off-axis behav-
ior. Because the pressure data can be collected in
the (relative) near-field of a loudspeaker, this avoids
the use of anechoic rooms that would be necessary
if the far-field were to be assessed directly.
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